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PKEFACE, 



These pages have been ivritten and are published with 
the single object of presenting, in proper form to be used 
as a text-book, the course of Descriptive Geometry, as 
taught at the U. S, Military Academy. 

Without any effort to enlarge or originate, the author 
has striven to give, with a natural an-angement and in 
clear and concise language, the elementary principle and 
pi-opositions of this branch of science, of so much interest 
to the mathematical student, and so necessary to both the 
civil and military engineer. 

Though indebted for many of the ideas to the early in- 
stnietions of his predecessor and friend, Professor Davies, 
whose text-books on this subject were among the first in 
the English language, the author has been mucli aided by 
a frequent reference to the French works of Leroy and 
Olivier, and to the elaborate Ameiican 'work of Professor 
Warren, 

It is intended to include, in an edition to be issued at 
an early day, the application of the subject to shades and 
shadows, and perspective. 

U. 9. MnilTART ACADEJIt, 1 

October, 1884 j 
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PART I. 

OETHOSEAPHIO PROJECTIONS. 



1, Descriptive Geometry is that branch of Mathematics 
which Las for its object the explanation of tte methods of rei>- 
resenting by drawings : 

First. All geometrical magnitudes. 

Second, The solution of problems relating to tliese m^nitudei 
in space. 

These drawings are so made as to present to the eye, situated 
at 3 particular point, the same appearance as the magnitude or 
object itself, were it placed in the proper position. 

The representations thus made are the projections of the mag- 
nitude or object. 

The planes upon which these projections arc usually made are 
the planes of priyection. 

The point, at which the eye is situated, is the point of sir/hi. 



2. When the point of sight is m a perpendicular, drawn lo 
the plane of projection, through any point of the drawing, and 
ftt an infinite distance from this plane, the projections are Orlfith 
jp-aphic 
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2 DESCKIPTIVE GKOMETEY. 

When the point of sight U within a finite distance of the 
drawing, the projections are Scenographie, commonly called the 
Perspective of the magnitude or object. 

■1. It is manifest that, if a straight line he drawn through a 
given point and the point of sight, the point, in which this line 
jJerces the plane of projection, will present io the eye the same 
appearance as the point itself, and therefore be the projection oj 
llie point on this plane 

The line thns drawn is the projecting line of the point. 

4. In the Orthographic Pr<^ection, since the point of sight 
is at an infinite distance, the projecting lines drawn from any 
points of an ohject, of finite magnitude, to this point, mil he 
parallel to each other and perpendicular to the plane of prijection. 

In this projection two planes are used, at right angles to eacii 
other, the one horizontal and the other vertical, called respect- 
ively the horizontal and vertical plane <^ projection. 

5. In Fig. 1, let the planes represented by ABF' and BAD 
he the two planes of projection, tlie first the horizontal and the 
second the vertical. 

The r 1 e of tersect o AB s Ae ^ ou II n 
TIese planes form b the r nterseeton lo d d al Qol 
The/ st a qle n wh h the po t of sght s alvajs s tua d 
is above the her zontal and n f o t of the vert cil phne Tl 
secon I s above the ho zontal and be! nd tl e ertical Th 
third & beloT the h or zontal ad beh nd tie ert cal 7h 
fourth helon the ho zo td! a 1 f o t t th t 1 

marked n tl e h^u e 



, Let M, Fig. 1, be any point in space. Throngh 
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DESCIill'TIVK QEOMETKr. 3 

Mm perpendicular to the horizontal, and Mm' perpendicular 
to tbe vertical plane ; m will be tbo projection of M on the 
borizontal, and m' that on the vertical plane, Art. (4). Hence, 
lAe horizanlttl prelection of a point is the foot of a perpendicular 
through the point, to the korisontal plane; and the vertical pro- 
'tction of a point is the fool of a perpendkular through it to tlie 
vertical plane. 

The lines Mm and Mm' are the horizontal and vertical pro- 
jecting linos of the point. 



Th gi tl 1 m nd Mm ] a pi It 11 I 

ppdltbthpl t].]t t t 

htl tpdit h dthf pj.ll 

to tL g 11 AB It t t th pi tl I es 

d b tl 1 p 1 1 t AB t th m p f f m 

J, th t 1 M E p t f th fi t 
that 

Mm = m'o, and Mm' = mo ; 

that is, tie distance of the point M, from the horizontal plane, 
is equal to the distance of its vertical projection from the ground 
line; and the distance of the point from the vertical plane is 
equal to that of its horizontal projection from the ground line. 



8, If the two prqi'eclions of a point are given, the point is com- 
pletely determined; for if at the horizontal projection m, a 
perpendicular be erected to the horizontal plane, it will cohfain 
the point M. A perpendicular to the vertical piano at m', will also 
contain M ; hence the point M is determined by the intersection 
of these two perpendiculars. 

If M be in the horizontal plane, Mm — 0, and the point is its 
own horizontal projection. The vertical projection will be in thg 
ground line at o. 
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4 DKSORIPTIVE OEOMEl'BY. 

If M be in the vertical plane, it will be its own vertical projec- 
tion, and its horizontal projection will be in the ground line at o. 

If M be in the ground line, it will be ils own horizontal, and 
also its own vertical projection. 



RE PRESK STATION OF PLANES. 

0. Let (Ti'j Fig. 2, be a plane, oblique to the ground line, 
intersecting the planes of projection in the lines <T and i'T re- 
spectively. It will bo completely determined in position by its 
two lines (T and i'T. 

Its intersection with the horizontal plane is the kmizonlal trace 
of the plane, and its intersection with the vertical plane is the 
vertical trace. Hence, a plane is given by its traces. 

Neither trace of this plane can be parallel to the ground line ; 
for if it should be, the plane would be parallel to the ground 
line, which is contrary to the hypothesis. 

The two traces must intersect the ground line at the same 
point, for if they intersect it at different points, the plane would 
intersect it in two points, which is impossible. 

If the plane be parallel to the ground line, as ia the same 
figure, its traces must be parallel to the ground line; for if they 
are not parallel tliey must intersect it; in which case the plane 
would have at least one point in common with the ground line, 
which is contrary to the hypothesis. 

If the plane be parallel to either plane of projection, it will 
have but one trace, which will be on the other plane and par- 
allel to the ground line. 

10. If the given plane be perpendicular to the horizontal 
plane, its vertical trace will he perpendicular to the ground line, 
as <'T, in Fig. 2; for the vertical plane is also perpendicular 
to the, horizontal plane ; hence the intersection of the two planes, 
which is Ike vertical trace, must bo perpendicular to the hori- 
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riliBCKIPTIVE GEOMETRY. 5 

zontal plane, and therefore to the ground line which passes 
through its foot. 

Likewise, if a plane be perpendicular t« the vertical plane, 
its horizontal trace will be perpendicular to the ground line. 

If the plane simply pass through the ground line, its position 
is not determined. 

If two planes are parallel, their traces on the same plane of 
projection, are parallel, for these traces are the intersections of 
the parallel planes by a third plane. 



RE PRE SE STATION OP BIGHT LINES. 

11 Let MN, Fig 3, be any ught line in spate Thiou^h 
it piss a plane M»in perpendiculai to the horizonti! \ lane 
mn mil be its horizontal and pp perpendioukr to AB, 'irt 
(10) its TCitical trace Also tlirough MN pass a plane Mmn 
perpendiculat to the vertical plane m n' will be its \ertical, ind 
o'o its horizontal trace The tnces mn and mn aie the piu 
jectionsof the line Hence the kon~ontal prtyection ot a right 
line w the hori-onlal trace of a plane patted throvgh the hut 
perpendicular to the horfontal plane, ind the vertical piojec o' 
of a nght line ts the leitieal trace of a plane, through the hit 
perpendicular to the lerttcal plane 

The planes Mmn and Mm n are respectively tlie horu.onUil 
and vertical, projecting planes of the line. 

12 Tl tw p 1 t f th 1 b ng g th 1 II 
g lb mj 1 t ly d t m d f f th gh th h 
tlpjt p plnipndltthh 

tal pla t n 11 ta th 1 n a d f th gh th t 1 

p J t n w 1 p! p p d la to th t 1 pla 

t 11 1 t 11 Th t t t th pla 

t tl f b th 1 H Itl 
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13. The projections win and ni'n' are alao manifestly made up 
of tile piojeetions of all the points of the line MN. Hence, if a 
right line pass througlk a point io space, its projeciims will 
uiis through the projections of the point. Likewise, if any two 
lioiBts in space be joined by a right line, the projections of this 
line will be tlie right lines joining the projections of the points on 
thi^ same plane. 



14, If the right line be perpendicular to either plane of pro- 
jection, its projection on that plane will be a point, and its pro- 
jection on the other plane will be perpendicular to the ground 
line. Thus in Fig. 4, Mm is perpendicular to the horizontal 
plane: m is its horizontal, and m'u its vertical projection. 

If the line be parallel to either plane of projection, its pro- 
jection on that plane will evidently be parallel to the line itself, 
and its projection on the other plane loill be parallel to the 
i/i-ound line. For the plane which projects it oa the second 
plane must bo parallel to the first; its trace must therefore be 
l>arallel to the ground line, Art. (9) ; but this trace is the pro- 
JGOtion of tte line. Thus MN is parallel to the horizontal 
plane, and m'n' is parallel to AB. Also, the definite portion 
MN, of the line, is equal to its projection win, since they are 
opposite sides of the rectangle Mn. 

If the line is parallel to both planes of projection, or to the 
irround line, both projections will be parallel to the ground 

If the line lie in either plane of projection, its projection on 
that plane will he the line itself, and its projection on the 
other plane will bo the ground line. Thus in Fig. 6, MN, in 
the vertical plane, is its own vortical projfction, and mti or AB 
i-\ its horizontal projection. 

15. If the two projections of a right line are perpendicular 
to the ground line, the line is undetermined, as the two pro- 
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DESCRIFriVE GEOMETEI". 7 

jooting planes coincide, forming only org plane! and do not by 
their intersection determine the line as in Art. (12). 

All lines in this plane will have the same projections. Thus 
in Fig, 5, mn and ni'it' ace both perpendicular to AE; and 
auy line in the plane MNo will have these for its projections. 

If, however, the projections of two points of the line are 
giien, the line will then be determined; that is, if mm' and 
««' are given, the two points M and N will he determined, 
and, of conrse, the right line which joins them. 

All lines and points, situated in a plane perpendicular to 
either piano of projection, will be projected on this plane in 
the corresponding trace of the plane. 



16, If two right lines are parallel, their prelections on the same 
plane will be parallel. For their projecting planes arc parallel, 
since they contain parallel lines and are perpendicular to the 
same plane; hence their traces will be parallei, Art. (10); but 
these traces arc the projections 



RBVOLOTION OP OBJECTS. 

37 \ny gcometrital magnitude or object is ^^vi to be re 
volved about t iiglit line is an liis, when, tl is so moved thai 
each of its points describes the urcumfirence of a eucle whos 
plane is perpendicular to ike axis, and whose centre js m the cwii 

By this resolution, it is evident tliat the lelatne position tf 
Xhi. points of the oljcct i^ not changed, each point remaining it 
tlie same di'itance from iny of the othei points Thus, if the 
[omt M, Fig C, le revolved about an a\is DD , m the horizon 
Ui\ pUne, it will descnbe the circurafeience of a circle whose 
Lntre is at o ind whcse radins is Mo and since the point 
must remain in the pi me perpendicular to DD , whe i :t 
reidies the horizontal plane it will be at p or ji, m the jci 
peniicuUr wop, at d dutanct from o n|ual to Mo that i", it 
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8 DESCKIFnVB GKOMETET. 

will be found in a straight line passing through its horkontal 
pry'ection perpendicular to the axis, and at a distance from the 
axis equal lo the hypotlienuse of a right-angled triangle of which 
the base (mo) is the distance from t?ie horizontal prcgectlon. to tlu: 
]axis, and the altitude (Mm) equal to the distance of the point' 
fiom the Iwrixonlal plane, or equal to the distance (tn'r) of its 
vertical prty'eetion from the ground line. 

Likewise, if a point be revolved about an axis in tbe verti- 
cal plane until it reaches the vertical plane, its revolved position 
will be found by the same rule, cbanging the word korizontal 
into vertical, and the reverse. 

If tite axia pass through the horizontal projection of the 
point, in the first case, tlie base of tie triangle will be 0; the 
lijpothenuse becomes equal to the altitude, and the distance to 
be laid off will bo simply tbe distance from the vertical pro- 
jection of the point to the ground line. 

In like manner, its revolved position will be found when, in 
the second caae, the axis pa&ses tlirough the vertical pi'ojeetion 
of the point. 

REVOLUTION or TUB VERTICAL PLANE. 

18. In order to represent both projections of an object on 
tl m h t f p 1- ] 1 fte tl p J t d 

tb p d g t 1 th t 1 pi IS 1 d b 1 

t! g d 1 tit d tb th h t I 

] 1 th t p t f t w! h b th g d ! S 11 

b J 1 t tl p t ABC D F 1 i tl t p rt b I 

blwm pft,tlpt -UJF E 

I tb w po t t tb pi t 11 b bse 1 tl 

tl p! b Id d fa t t t 11 tb t t t 

1 th pi f tl p p h h f t f tb <n J 1 

II p t t ly th t I t f th b t 1 pi hi 
f t t th n b t 1 tl t p t f th t 1 

f 1 wh 1 b 1 w th h t 1 jl h 1 ti p t be 
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yond the ground line represcuts tliat part of the horizontal piano 
which is behind the vor;,ical plane, and also that part of the verti- 
cal plane which is above the horizontal plane. 



IJ After the ^eitn.al piano 1^ reMhtla'.in the piLceln^ar 
ticlL, the point )ft, in Fig 1, will tike the position m in the 
line mo produced, and the two projections m ind in will then K 
in the same straight line, perpcndiLular to AB Heme, in ocr^ 
drawing thus made, the two p lyeclions of the t,amt point iiiuit bt 
in the sam£ ^tratjkt line peipendiculjr to the ground luu 

If, then, AB, Fig 7, be the ground line and it be required to 
represent oi OASume a point i« spaet we first assume m lor it-> 
hoiizontal projection thro gl m ere t a perpend ii,ular to AL 
and issumi, anj point, as n o th s pe pe d ular, for the leitinl 
projection. The point ^ II then h fully determined, Art (8). 
The point thus assume! & n t!e fi i angle ihove the horizonfal 
plane at a distance eq al to o and n f ont of the vertical plane 
it a distance equal to no Art (") 

It the point be in the second en ijli its honzontil projection i 
must be on thit part of the houzoi tal plane beyond the groun i 
hne an] its vertical projection m on that part of the veitioii 
plane aboi e the ground line Art (5) "When tl e latter plant, 
IS levohcd to its proj er position ii will IdU into that part ot thi, 
hoiizontal plane bpvond the ground line and the two project on-> 
«ill he as in (") Fig 7, mo tepicsenting the distance of the 
point behi d the \erticil phne anl mo its distance above the 
horizontal plani. 

If the pjint he in the ih d angle its horizontal projection will 
bele^ondthe ground line and its seitical projecti n on thejait 
ot the ^eitical plant, below the horizontal plane The vertical 
1 lane being reiolved to its proper position m conies m iiont ot 
AB, and the two projections will be as m (3). 

If the point be in the fourth angle, the two projections will be 
..in (4). 
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10 DUeCKliTIVE GEOMin'ET, 

^0. To represent, or cssume a plane m space we draw at pleas- 
mo any straight line, as (T Fic; 8 to represent its horizontal 
trace ; then tJirongh T Irtw anj other straight line, aa TC, to rep- 
resent its vertical trace It is absolutely necessary that thesi; 
traiies intersect AB at the same point, it either intersects it, 
Art, (9). 

ITie plane and trace* being indeiin te in extent, tlie portion in- 
cluded in the first angle is leprest-ntel by fit The portion in 
the second angle by tit Thit m the thud by fit'". Thai 
ill the fourth by t"'Tc 

If the plane be parallel to the ground line and not parallel to 
either plane of projection both traces must be assumed parallel to 
AB, a,s in Fig. 9; T< being the hoiizontt! ^nd TC the vertical 
irace, Art. (9). 

If the plane be parallel to eithei plane f projection, the trai:e 
on the other plane is alone assumed and that p^^al!el to AB, 

If the plane he peipendicuhi to eithei plane of projection, it-* 
trace on this plane may be assumed at pleasure while its trace on 
the other plane must be perpend cnhi to VB is in (2), Fig. 9 ; 
T( is the horizontal, and T( thi, vertical trace of a plane perpen- 
dicular to the horizontal plane 

Also in (3), T< ia the horizontal md Tl tl e vertical trace of a 
plane perpendicular to the vertical {lane \rt (10). 



21. To represent oi ? /i p i si ijl t I , both projections 
may be drawn at pleasure, as in (1), Fig. 10, mn is the liorizoii- 
tal, and m'n' the vetticaJ projection of a portion of a straight lino 
in ilie first angle. 

In (2), mn is the hoiizontal and m'n' the vertical projection of 
a portion of a straight line in the second angle. In (3), the line is 
represented in the third angle, and in (4), in the/owri/t angle. 

In Fig. 11 are, (1), the prijcotions of a right line parallel to 
the horizontal plane ; (2), those of a right lino parallel to the ver- 
tical plane ; (3), those of a right line [lorpcndicular to ihc lioii 
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liontal plane ; and (4), tliosa of a right line perpendicular to the 
vertical piano, Art. (14.) 



22. To assume a point upon a given righi Urn; since tlie pi'o- 
jectious of the point must be on the projections of the line, Art. 
(13), and in the same perpendicular to the ground line, ArL (19); 
we assume the horizontal projection as m,, Fig, 17, on mn, and 
at this point erect mm' perpendicular to AB ; m', where it inter- 
Bccta rn'n', will he the vertical projection of the point 



23. If two lines intersect, their projections will intersect ; for 
tlie point of intersection being on each of the lines, its horizontal 
projection must be on the horizontal projection of each of the 
lines, Art. (13), and hence at their ioteraection. For the same 
reason, the vertical projection of the poiot mast be at the intersec- 
tion of their vertical projections. These two points being the 
projection of tlie same point, must be in the same straight lino 
perpendicular to the ground line, ArL (19). Hence if any two 
lines intersect in space, the right line joining the points in which 
their projections intersect, must be perpendicular to the ground line. 

Therefore, to assume two right lines which intersect, we draw 
at pleasure both projections of the first line, and the horizon- 
tal projection of the second line intersecting that of the first; 
through this poinS of intersection erect a perpendicular to the 
ground line until it intersects the vertical projection of this line ; 
tlirongh tiiis point draw at pleasure the vertical projection of 
llie second line. Thus, in Fig. 16, assume mn and rn'n', also 
mo ; through m erect mm' perpendicular to AB, and through in' 
draw m'o' at pleasure. 

Two parallel right lines are assumed by di'awing their pro- 
jections respectively parallel, Art. (16). 
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BE USED IiV THE DEHCKU'TION OF DKAWIHGS. 

24 Point'* represetitei aa in Fig 7 « li l>e described as 
tliL point ( n ?i ) tht 1 tter at tlit, lioiizontal projection be ng 
always wntti.n and reid iirst, oi simplj ■\a tlie point M 

Planes g ven by their trites as a ti^ 8 will be descried 
as the pliiie <T< the middle ktter being the one -it th m 
teiaeetion ot the two tiaces, and the other letter ot the hoii 
z nfil ti-ice being the first in oi lt,i It tlio tnccs are paiallel 
to the ground line or do not inteiseLt it withm tht, limits ot 
tilt drawing, the same notation will lo used, the middle let 
tpr being placci on both traces, m the first case, at the Lft 
hind e\trerDitv -ind in. tin, second case, at the e\tremitj ueii 
t, t the ground line 

Lines given by their projection as in Fi^, 10, ^^lll It, 
de'icnbed as the line (mn mn) tho letters on the honzoi tal 
projection being first in oider, oi simj.ly the line MN 

Tlio pKnes of projection will often be dcseiibed by the 
tapitals H and Y H denoting the hoiizonUl, and V the ler 
tiL^l plane 

Th „i und lintwillbcii ^enui! denoted tyAB 



25 The piojcctions of the same point will be connected by a 
dotted line, thus 

Traces of planes which are given or required, when they can 
be seen from the point of sight, — that is, when the view is not 
obstmctcd, either by the planes of projection or by some inter- 
vening opaque object, — are drawn full. When not seen, or 
when they are the traces of ausiliary planes, not the project- 
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ing planes of right lines, tJiey will lie drawn broken and dotted, 



Lines, or portions of linos, either given or required, when seen, 
will have their projections fall. Wten not seen, or auxiliary, 
these projections will be broken, thus : 



In the LonstiULtion d publtmi, planes or surfaces wbi li 
ire icijuircd 'vull be regarded as transparent, not ton eUin^ 
Jther parts previously diawn 

All lines 01 surfaLe*! are lee^rded as indefinite in extent, un 



leas limited by their form, or a definite portion la con&ideicd 
for a special purpose ilius the giound line and projections 
ot lines m Fig 10 are supposed to be produced indefiniteh, 
the hnes delineated simply indicating the directions. 



26. Ilaving e\plaincd the manni,! ot repicsentin^ with ii 
cursicy, points pHnes and tight lines, wo arc now prepiied tj 
represent the solution ot t number of important problem , ii 
lating to these magnitudes in spate 

In every problem certain point" and migmtudes aie g\i.r 
from which certain otliei points oi magnitudes aie to 1 c :'ui 
structed. 

Let a right line be fiist drawn on the papei oi slate to lep 
resent the gionnd line tl en assume as in Art (19), dc, tlu 
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iiipi'csciitativea of tbe gis'eii objects. Tlie proper solution of the 
pvobltiLU will now consist of two dhlinct 'parts. The first is a 
dual' statement of the principles and I'casoning to be employed 
in the construction of the drawing. This is the analysis of the 
problem. The second is the construction, in proper order, of 
the different lines which are used and required iu the problem. 
'I'liis is the construction of the problem. 



'.'7. PtioBiKM 1. To find the points iit which a f/iven rir/hl 
line 'pierces the plants ofpi'ojection. 

Let AB, Fig. 12, be the ground line, and [mn, m'n'), or simply 
JIN, the given line. 

^■rst. To find the point in which this line pierces the hori- 
zontal plane 

Analysis Since the itqmud point is in the honzontal plane, 
it> vertical projection ii m the gioind lino, Art. (8) ; and since 
the point IS in the given line, its ^eitical projection will be in 
th( \utical projection of this line. Art (13); hence it must be 
it the intersection of this \(.rtiial projection with the ground 
In e The honzontal projection of the required point must be 
in a stiiight hne drawn thiough its veitical projection, perpeu- 
l LuUr to the ground line, Ait. (19), and also in the horizontal 
piojeitioti of tht. guen line; hence it will be at the intei'sectiou 
t these two lines Bat the point being in the horizontal plane, 
is the same as its horizontal projection, Art, (8) ; hence the mle : 
Produce the vei'tical projection of tTie line until it intersects the 
•/round line ; at the point of intersection erect a perpendicular U> 
Ike groand line, and produce it until it intersects tlie korizonlal 
projection of the line; this point of intersection is the requii'Ctl 

Conslruetion. Produce m'n' to m' ; at m' erect the perpen- 
dicular m'm, and produce it to m. This is the required point. 

Second. In the above analysis, by ciianging the woi-d " verti 
cai" into "horizontal," and the reverse, wc hnvi; [he analysis and 
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rule for finding the point iti which the given iiiie pierces the vci- 
tical plane. 

Construction. Produce mn to o; at o erect ti:e perpendicular 
oo', and produce it to o'. This is the required point. 

-8. Problem 2, To find the ienylk nf a riykt line joining two 
gieen points in space. 

Let AB, Fig. 13, be the ground line, and {mm) aiid {nn') thi- 
two given points. 

Analysis. Since the required line contains the two points it= 
projection must contain the projections of tlie points, Art (13). 
Hence, if we join the horizontal projections of the points by a 
light Ime, it will be the Iiorizontal prelection of the line ; and if 
«"c join the Yertical projections of the points, we shall tave it- 
iiertical projection. 

If we now revolve the horizontal projecting plana of the Inn- 
about its horizontal trace until it coincides with the horizontal 
plaue, and find the revolved position of the points, and join thera 
by a right line, it will be the required distance, since the points 
do not change their lelative position during the revolution, 
Art (17). 

Construction. Draw mn and m'n'. MX will be the required 

Now revolve its hoiizontal piojectnig plane about mn iintil it 
coincides with H ; the points M and N vi^ll fall at m" and n", at 
distances from m and n equal to im' iOid sn' respectively. Art. 
(17); joia n a d m n' will be the required distance. 

Since the po nt n h h the line produced pierces H, is in 
the axis, it na id The line m"n" produced must then 
pass througi a 1 tl uracy of the drawing may thus be 

verified. 

39. Second method for the same problem. 

Analysis. If we revolve the horizontal projecting plare of the 
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line about the projecting perpendicular of eitlier of its po' ts uut'I 
it becomeB parallel to fleveitical plane tit. line wjll n ts re 
volved position be projected on thia piano m ats true le ^tl \ t 
(14). If we thei c nstiu t tliia vertical projection it w 11 It, tl 
'req^uired distance 

Construction Revuhe tbe projecting plane about the pi-if e 
dicular at m. The point n descubea the arc nl until it comes inio 
the line ml parallel to \B I will bi, the horizontal pi jeetion oi 
N in its revolved p sition Jt^ vertical projei^tiun must be m II 
perpendicular to \B -tnd since duiing the ie\olution the point 
X remains at tie sama listanct, above H its vertical proji,cttn 
must also be in the line n I paiallel to AB Ait (7) theieforc it 
will bo at I'. 

Tbe point M bung in the a\is lemiins fixed and its VLrticJ 
projection remains it ni jil is tbtn tbe vertical projection ot 
MN in its revol ed poait on and tbe true distance 

By examining tbe drafting it iviU te s^en that tbe true di^ 
tance is the bypotbennso f f a nj,ht angled trniiglc wl ose lase is 
tlie horizontal piojecton (f tlit line and altitude the difterentt, 
between tbe distances ot ts two Citremitics from tbe bonzontil 
plane. Also, that ti e angle at the bise is equal to tbe an^l 
made bytbe I ne witb ita projection or tbe angle made bj the 
line with the horizontal plat e AI o tb-it tbe 1 i gtb of tl e In i, 
is always greater tban th it c i s I r je tioi ui kss it is parall 1 t 
the plane of projection 



30. Every right line of a plane muet pierce any other plane, 
to which it is not parallel, in tiie common intersection of the 
two ; hence every right line of a plane, not parallel to the hori- 
zontal plane of projection, will pierce it in tbe horizontal t^'ace ol' 
the plane ; and if not parallel to tbe vertical plane, will pierce it in 
Ibe vertical trace : hence, to assume a straight Um in a given 
vlane. take a point in each trace, and join the two by a right line; 
or otherwise, draw the horizontal projection at pleasure; at tbe 



dbyGoogle 



DESCKirTIVE GEOMETKT. 17 

points where it intersects the ground line and the horizontal trace 
erect perpendiculai's to the ground line; join the point where the 
firat intersects the vertical trace with the point wliere the eeconil 
intersects the ground line ; this will be tlie vertical projection of 
the line. 

Thus, in Fig. 14, draw mn, also mm' and ««': joinm'j!'; it will 
be the required vertical projection. 



31. PaoBLEM 3. To pass a plane through three given points. 

Let M, N, and P, Fig. 15, he the three points. 

Analysis. If we join either two of the points by a right line, 
it will lie in the required plane, and pierce the planes of projec- 
tion in the traces of this plane. Art. (30). If we join one of these 
points with the third point, we shall have a second line of the 
plane. If we find the points in which these lines pierce thv, 
planes of projection, we shall have two points of each trace. The 
traces, and therefore the plane, will be fully detenoiued. 

Construction. Join m and n by the straight lifle mn; also m' 
and n' by m'n'. MN will be the line joining the first two points. 
This pierces H at A, and V at f, as in Problem 1. Draw also 
np and n'p' ; NP will be the second line. It pierces H at ( and 
V at t'. Join h and ;, by the straight line hi ; it is the requireil 
horizontal trace. Join v and t' ; i'v is the vertical trace : Or pro- 
duce ht until it meets AB, and join this point with either v or 
(' for the vertical trace, Art (9). 

If either MN or NP should be parallel to AB, the plane, and 
consequently its traces, will be parallel to AB, Art. (9), and it 
will be necessary to find only one point in each trace. 

32. If it he required to pass a plane through two right lines 
which cither intersect or are parallel, wc have simply to find the 
points in which these lines pierce the planes of projection, as in 
llie preceding problem. If the lines do not pierce the planes o. 
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jimjectioii, within the limits of the drawing, then any two points 
of the lines may be joined by a right line, and a point in each 
trace he determined, by finding tie points in uhicK tliis line 
pierces the planes of projection. 



33. A plane may be passed tiirongh a point and right line, by 
joining tho point with any point of the line by a right line, and 
tlieii passing a plane through these lines ; or by drawing through 
the point a line parallel to the given line, and then passing a 
plans through the parallels, as above. 



34. Problbm 4. To find the angle between two right Un(» 
which intersect. 

Let MN and MO, Fig. 16, bo the two right lines, assumed as 
in Art, (23). 

Analysis. Since the lines intersect, pass a plane tlirough them, 
and revolve this plane about its horizontal trace until it coincides 
H-itli the horizontal plane, and find the revolved positiou of the 
two linea. Since they do not change their relative position, their 
angle, in this new position, will be the required angle. 

Construction. The line MN pierces H at n, and the line MO 
at 0, Art. {2';) ; no is then the horizontal trace of the plane con- 
taining the two lines, Art. (32). Eevolve this plane abont no 
until it eoinoides with H. /The point M falls at p, Art. (17). 
The points v, and o, being in the axis, remain fixed ; -np will then 
be the revolved position of MN, and po of NO, and the angle npa 
will be the required angle. 



35. Second method for the ?ame probloiii. 

Analysis. Revolve the plane of the two lines about its hori- 
zontal trace until it becomes perpendicular to the horizontal 
plane; then revolvfi it abont its new vertical trace until it co- 
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iiicides with the vertical plane; the angle will then be in tha ver- 
tical plane in its true size. 

Construction. First revolve the plane about no until it be- 
comes perpecdicular to H. Tt' will be the nciv vci'tical trace, 
tlic point M will be horizontiilly projected at s, and vertically at 
s', s'r being equal to sp. 

Now revolve the plane about T(' until it coincides with V; o 
will revolve to o", s to s", and n to n", while the point M, or 
(*«'), will be found at le ; n"w and o"w ivill be the revolved po- 
sitions of the two lines, and n"wo" the required angle. 

By examining the drawing, it will be seen that if tbo angle is 
oblique, it is lew than its projection, unless both lines are pamllel 
to the plane of projection, in which case the angle is equal to its 
projection. 

Let the problem be constrncted with one of tbo lines pai'alicl 
to the ground line. 



yS, If tmo right lines be perpendicular to each other in spacf, 
and one of tltein. parallel to the plane of projection, their projee- 
tiong will be perpendievlar. For the projecting plane of the line 
which is not parallel to the plane of projection is perpendicular to 
the second line, and also to its projection, since this projection is 
paiallel to the line itself, An. (14) ; and since this projection in 
perpendicular to this projecting plane, it ia perpendicular to iis 
trace, which is the projection of the first line. 



37, Problem 5. To find the position of a line bisecting the 
angle formed by two right lines, one of which is perpendicular to 
eitlur plane of projection. 

Let MN and OP, Fig. 17, be the two lines, the latter being 
perpendicular to the vertical piano. 

Analysis. If tlic plane of the two lines be revolved about the 
second, until it becomes parallel to the horizontal plane, the angle 
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will bo projected on this plane in its true size, and inay be bi- 
sected by a right line. If the plane be then revolved to its primi- 
tive position, and the true position of one point of the bisectiriL' 
line be determined, and joined iviih the vertex of the given anj;lc, 
we shall have the required line. 

Construction. Let the plane of the two lines be revolved about 
OP, until it becomes parallel to H. Any point of JIN, as M, will 
detcLibe the art of a cncle parallel to "V in 1 le horizontalh pro 
jectoi at m and om will be the projection of MN, and ?i op 
will be the true si7e of the ^ngle Bisect it bv (?, which will b 
the hoiizontal piojoction ot the bisecting line in its revohed po i 
tion Join m with Any point of op, a^p, this will be the hoii 
zontal projection ot a line of the gi\en plant, in its ievo!\ed 
position which intuseets the bisecting line in ■% point hoiizontillj 
piojected at 7 ^Vhen the plane resumes its piimitive position 
this line will be hoiizontally prcje ted in mp, and the point, ot 
«hioh q la thf, honzonta! projection will be horizontally projectpd 
at ), ind vertically it * hence or will bo the honzontil, ind 
o rn, the verticil projection of the re juiiel line 

Or the plane of the two lines ma) be reiolved about it& vtrti 
il trace, ind the true position dctcimiucd as mdicitcl in the 



•^ Ikielem ( Tj fill tie mUrsccU 7 t fi phnes 
Let tit and sSi , Fig 18, be the two plane'! 
■inalysiA Since the line of intersection is a right line cc 
tained in each pkne, it mu^t piuce the horizontal plane m the 
horizontal trice of eieh plinc, Art (30) , that i" at Ike i itc 
Aeetion of the two tiaces Foi the same leason, it must pierti 
the \ert!cai plane at the intersection of the lerticil trace If 
these two points be joined by a right line, it will be the leqmie 1 
intersection 

Constriictim The required lino pieiccs II it o md \ at^ 
o If its o« n honaontal pr jection, ind p is horizontili\ pn 
]c til it ^ htnce po is the horizontil piojettion of the n 
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quited line ; o is vertically proj'ecled at o' ; p' is its own verti- 
cal projection ; and o'p' is the vertical pr<gectiou of the required 



I t f tb d w L t Ti 1 S 1 19 b tl 

t>! es a d & t tera t g th tli 1 t f tl 
I g 

i l)/ If w pas y 1 1 p -alt 1 t th t I i i 
t w 11 nt t acl f th J, n pi a 1 p 11 1 1 

t 1 tra d th t 1 U t t [ t i tl 

uj d t sect Ase Ip tmybdtn 1 

tl J i th git 1 J tb t I t ii 

be tl J d ! 

C t tct D J J p 11 1 to AB t w 11 b th t 
f 1 y pi n It t t th tw gi pi fi n 

1 h h p H t J d y d t lly p j ted 

^ a d 2 tl t I d tl 1) tal p 

J t ft! t t D 1 p all 1 1 AB d 

th d t m L OL th j d 1 L t th p bl m b 

t t d h n b th pi [ 11 1 1 th ^ i 1 

40. Pboblku 7. To find Ike point in which a given right line 
pierces a given, plane. 

Let MN, Fig. 20, be the given line, and tTV the given plane. 

Atmlysis. If through the line any plane be passed, it will 
intersect the given plane in a right line, which must contain the 
required point, Art. (30) This point must also ho on the 
given line ; hence it will be at the intersection of the two lines. 

Construction, Let the auxiliary plane be the horizontal 
projecting plane of the line; np is its horizontal and pi' its 
vecticai trace, Art. (10). It intersects iTt' in a right line, whicli 
pierces H at o and V at (', of which o't' is the vertical projec- 
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tion, Art. (38). The point ni', in which o'l' intersects m'n', is 
the vortical projection of tiio reqnired point; and m is its hori- 
zontal projection. The accuracy of the drawing may be veritietl 
by using tlie vertical projecting plane of MN, as an auxiliary 
plane, and determining m, <iii-ectly as represented in the figure. 

Let the problem be constructed when the given iine is parallel 
t.j the gronnd line. 



41. Second Method for the same problem. When the plant 
is given by any two of its right lines, find the points in whicli 
theso two lines pierce either projecting piano of the given lint', 
and join these points by a straight line; this will intersect the 
given line in the required point. 

Gomtniction. Let MN and OP, Fig. 31, be the lines of thp 
given plane, intersecting at L, and QR be the given line. The 
line JUN pierces the horizontal projecting plane of QR at ;i 
point of which m is the horizontal, and m' the vertical pi'ojcc- 
tion. OP pierces the same plane at P, a.'aAp'm' is tiie vertical 
projection of the line joining theso two points. This intersects 
q'r' at r', which is the vertical projection of the required point, 
and )■ its horizontal projection. 

42. If either ]ii'ojection of a point of an oblique plane Im 
given, the other projection may at once be determined by a 
simple application of the principles of the preceding problem. 
Thus let m. Fig. 52, be tlie horizontal projection of a point of 
the plane l'£l'. If at m a perpondicular be erected to H, it will 
pierce t'Xt' in the only point of the plane which can be hori- 
zontally projected at ni; m is the horizontal, and m"n' the vcr 
tical pi-ojection of this perpendicular. Through it pass any 
plane, as that whose horizontal trace is no. Since this plane is 
perpendicular to H, nn' will be its vertical trace. It interacts 
(Tl' in a right line, of which ^ii' is the vertical projection ; hervi.>e 
m' is the required vertical projection. Art (40.) 
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The iii\iiian pliiie may be pissed panllei to (i , mp will bi. 
Its houzontal, and pp' itb veitical trice It mtereeits (TC in i 
lint parallel to <T, «liich pienea V at y, of which mp le iho 
htinzont [t, anti n*'/' the vertiLal piojecfion, and m mil te thi 
leQiuie I veitical projection 

In 1 similar Ha\, it the vertu il projection Lc ijmn, tlic h i 



is Jf II light line (1 perpeiidicul cr to a plane th pi ?jcclio i 
will be lispectiieli peipendicular to the I) aces r/f the plane 

loi the houzontal projecting plain. Of the line is peipendmi 
hi t) the gnen plane, since it contains a line ptiptndicuhi t 
It lliis pLojecting plane is also peipenUicular to the hoii^i 
tal plane, Ait {11) It is tlierefoie perpendicular to the m 
»i.isection oi these two planes which is the horizontal tiacc of 
the gnen plane Hence ilie houzontal piojection if the line 
which 18 a line of this projecting pi me, roust bo perpendicuhi 
(o the ho)uo)ttal twee 

In the "anie wav it mai be pioved that thi- teilicd j nje I 
vi dm lino will be perpend ii,n!ar to Ike vei ti al truie 

Conversely, '/ the pmjeciions of a nc/hC hue are respectiiie/i/ 
jierpeadicular to tite Iraeen ofaplane, the line will be perpendicular 
to the plane. 

For, if through the horizontal projection of the line, its hori- 
zontal projecting plane be passed, it will be peipendicular to the 
horizontal trace of the given plane, and therefore perpendicular 
to the plane. In the same way it may be proved thaS the ver- 
tical projecting plane of the fine is perpendicular to the given 
plane; therefore the intersection of these two planes, which ]:= 
the given line, is perpendicular to the given plane. 

Hence, to assume a right line perpendicular to ii plane, wi: 
draw its projections perpendicular to the traces of the plane 
respectively. 

Also, to mmme a pic}ne prrj»ndini/r'r to <i ri^/ht line, we draw 
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the two traces from any point i]i the ground line, poi'pendici 
to tlio projections of the line. 



U FitoBiEv 8 Ti, duu! thou/k a mven -point a ught Ime 
2 tptndculai ti a (/lien j lane unU to jiiid the dnia) iq i; tin 
pomtjTom the plane 

I-et M, Fig 23, be the giitn point, aoU tit the p! nt. 

Anali/iiii feince the requiieii pupendii,ulai i« to pass thioi^h 
tie gnen point its piojLCtions must pass thioiigh the projLC 
tioni ot the pDiut, Art (ll) , and WDce it is to be poipondica v 
to thi, plani, these projections must be respecti>eh pLrpeiidii, 
iilai to the tMccs of the phne, \i1: (43) Ilcnce, il thiouwli 
the hoLizontil ptojcUion ot the point, a. right Imt. be dia^Mi 
peipccdiculai to the hoiizontal tiace -ind through the veitical 
projection, a light line pcrpcndiculai to the vertical tnce ihej 
wil! be reapLCtively the horizontal ind vertical projections of 
ihe required line 

If the point in whioh thia peipendicalar pieioes ti c phne be 
found, the disfanie botween this point ani the gnen point will 
be tht, tquired distance or length of the peipendiiuUi 

Voniitructioii Thiongh m draw wiw peipendiiular to (T, and 
through m, m'n peipendicalar to i P MN ^nll be the ri, 
ijUired perpendicular N is the p">mt in which MN picrios 
tie plane Art (40) and i n the kngth of the jerpciil ulii 
\rt ( a) 

Jet the jr Llem le coi strmtei whti the phne is piiill 1 t3 
th groun I lini, lIsj when it la perpeujiuu! ir t it 



45. Problem 0. To project a given right line on ant/ oblique 
I'lane, and to show the true position of this projection. 

Let MN, Fig. 24, be ihe given line, and (Ti' the given plane. 

Analysis. If through aiiy two points of the line perpendic- 
ulars be drawn to the ])lane, and the points in which they 
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pierce tlie plane be found, tleie will bo two points of tlie le 
quired proiection, and the right line joming them will be tho 
required hne It now the plane be levohed about its horizon 
tal tiaoe to coincide with the hoiizontal plane, or about its \ei 
tical ti^ce until it comi,ide3 with the vortical plane, and the 
reiolved position of these two points be found and joined h\ » 
right ]ine, this will show the tiue position of the line in the 
oblique plane 

Construction Assume the two points M and P, Ait [22j, 
and draw the perpendiculars MR and PS, Art, (44), The first 
pierces the plane at R, and the second at 8, Art. (40) ; and rs 
will be the horizontal, and r's' the vertical pi'ojection of the re- 
quired projection. The point N, in which tlie given line pierces 
the plane, wiil also be one point of the required projection. 

Now revolve the plane about (T until it coincides with II, 
U is found at r", Art. (17), and S at s", and r'V is the true 
position of ES in its own plane : r"s" produced must pass through 
the point in which the projection pierces H, 

If the given line be parallel to the plane, it will only be neces- 
sary to determine the projection of one point on the plane, and 
through this to draw a line parallel to the given line. Art. (14). 



46. Problem 10. I'kroiiffh a given point, to 2"^ss a lAanr 
perpendicular to a given right line. 

Let M, Fig. 25, be the given point, and NO the given line. 

Analysis. Since the plane is to be perpendicular to the line, 
its traces must be respectively perpendicular to the projections ol 
the line. Ait. (43). We thus know the direction of the traces. 
Through the point, draw a line parallel to the horizontal trace; 
it will be a lino of the required plane, and 1*111 pierce the vertical 
plane in a point of the vertical trace. Through this point draw a 
light line perpendicular to the vertical projection of the line; it 
will be the vertical trace of^ the required plane. Through tli 
point in which this trace inlerseots the ground line, draw a righ 
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lino ppllttlh tlpjt tthi til 

bt; til 1 tit 

C t t Th h ! w ^ perp d 1 t t 

will b tb h t 1 p J t t a 1 th g! M p 11 1 t 

the h tit 1 th 1 p II 1 1 H t 

tical projection will be m'p' pwallel to AB Thia line pierces V 
lit ^', Art. (27). Draw^Tpqend ul to o', and Ti perpen- 
dicular to no ; Up' w 11 be the qu d plan Or, through M, 
di-aw MS parallel to the erti 1 t a It | rces H at s, which 
iimst be a point of th 1 ontal t a d the accuracy of the 

drawing inaj thus be t t 1 

47. Phoblem 11. To pan a plane through a given point, 
parallel to tino given right lines. 

Let M, Fig. 26, be the pomt, and ISfO, and PQ, the two given 
lines. 

Analysis. Through the given point, draw a line parallel to 
each of the given lines. The plane of these two lines will be the 
required plane, since it contains a line parallel to each of the 
given lines. 

Construction. Throngh m draw ms, parallel to no, and 
through m', ni's' parallel to n'o'. The line MS will be parallel 
to NO, Art. (16). In the same way, construct MR parallel to 
QP. These lines pierce H at s and t respectively, and MR 
pierces V at r' ; hence {Tr' is the required plane. Art. (a2). 

Let the problem he constructed when one of the given linos in 
parallel to the ground line. 

Let the problem, to pass a plane through a given point parallel 
to a given plane, also he constructed. 

48. PaOBLEM 12. To pasn a plane through a given right line, 
parallel to another right line. 

Let MN, Fig. 27, be the line through which the plane is to be 
passed, and PQ the other given line. 
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Analysis. Through any point of the first line, draw a line 
parallel to the second. Through this auxiliary line and the firat, 
pass a plane. It will be the required plane. 

Gonstrtection. Thro gh E n th ti st line, draw EO parallel 
to PQ. It pierces H at a d V at i MN pierces il at m, and 
V at n' ; hence oTl' is th q d plane. 

Let the problem he n t u tel w! n cither line is parallel to 
the ground line. 



49. PnoBLEit IS. To find ike shortest distance from a given 
point to a given right line. 

Let M, Fig. 28, be the given point, and NO the given straight 
line. 

Analysis. The required distance is the length of a perpendic- 
ular from the point to the line. If through the given point and 
the line we pass a plane, and revolve this plane about either 
trace until it coincides with the corresponding plane of projection, 
the line and point will not change their relative positions; hence, 
if through the revolved position of the point we draw a perpen- 
dicular to the revolved position of the line, it will be the required 



Construction. Through M draw MP pai-allel to NO. It 
pierces H at p. NO pierces H at o. po is then the horizontal 
trace of the plane through M and NO, Art. (32). Eevolve this 
plane abont op until it coincides with H. M fells at m", Art. 
(17). Since p remains fixed, pm" is the revolved position of MP. 
NO being parallel to MP before revolution, will be parallel after; 
and as o is in the axis, oq" parallel to pm" will be the revolved 
position of NO. Draw m"q'^ perpendicular to oq"; it will he the 
required distance. When the plane is revolved back to its primi- 
tive position, ni" is horizontally projected at m, and g" at s; 
Lence MQ is the perpendicular in ita true position. 
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50. Second method for the same problem. 

Analysis. If through the given point a plane be passed pe. 
jiendiculai' to the given line, Art. (46), and the point in which 
the given line pierces the plane bo found, Art. (40), and joined 
with the given' point, we shall have the required distance, the 
true length of which can be found as in Art. (28). 

Let the problem be constructed in accordance with this 
analysis. 

Let the problem also be constructed when the given line is 
parallel to the horizontal plaue. 



51. Problem 14. To find ike angle which a given right line 
makes with a given plane. 

Let MN, Fig. 29, be the given line, and fSt' the given plane. 

Analysis, The angle made by the line with the plane, is tlie 
same as that made by the liae with its projection on the plane. 
Hence, if through any point of the line a perpendicular bo drawn 
to the plane, the foot of this perpendicular will be one point of 
the projection. If this point be joined with the point in which 
the given line pierces the plane, we shall have the projection of 
the line on the plane, Art. (45). This projection, the perpen- 
dicular, and a portion of the given line, form a right-angled 
triangle; of which the projection is the base, and the angle at 
the base is the required angle. But the angle at the vertex, that 
is, the angle between the perpendicular and given line, is the com- 
plement of the required angle ; hence, if we find the latter angle, 
and subtract it from a right angle, we shall have the required 
angle. 

Construction. Through M draw the perpendicular MP to iTi', 
Art. (44). It pierces H in p. The given line pierces H in o, 
and op is the horizontal trace of the plane of the two lines, Art. 
(32). Eevolve this plane about op, and determine their angle, 
^»"o, as in Art. (34). Its complement, 'prm' , is equal to the 
required angle. 
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Let the problem be constructed when the plane is parallel to 
the ground line. 

52. Pboblbm 15. To find the angle between two given planes. 

Let s8s', Fig. 30, and tTl', be the two planes, intersecting in 
the line ON, Ai-t (38). 

Analysis. If we pass a plane perpendicular to the intersection 
of the two planes, it will be perpendicular to both ; and cut 
from eacli a right line perpendicular to this intersection at a 
common point. The angle between these linea will be the 
measure of tho required angle. 

Construction. Draw pq perpendicular to on ; it will be the 
horizontal trace of a plane perpendicular to ON, Art (43). Tliis 
plane interseotB the given planes in right line?, one of whicii 
pierces H at p, and the other at q. If right lines be drawn 
from these points to the point in which the auxiliary plane inter 
sects ON, tiioy will be ilie lines cut from tho planes, and the 
angle between them will be the required angle. 

The vertical trace of the aaxiliaty plane may be drawn as in 
Art, (43), and the vertex of the angle found as in Art. (40), and 
theiv the angle as in Art. (34). Or otherwise, thus : Suppose a 
right line to be drawn from r to the vertex of the angle, it will 
be perpendicnlar to ON, since it is contained in a plane perpen- 
dicular to it ; it will also be perpendicular to pg, since it is in the 
horizontal projecting plane of ON, which is perpendicular to 
pq. Art. (43). If this projecting plane be revolved about no 
until it coincides with H, n' will fall at n"; and since o is fixed, 
on" will bo tho revolved position of ON, and rm", perpendicular 
to on", "will be the revolved position of tiie line joining r with 
the vertex. If now the plane of the two lines be revolved about 
pq until it coincides with H, m." will be at v, rv being equal to 
rm", and pvq will be the required angle, Art, (34). 

The point in", from its true position, is horizontally projected 
at m, and vertically at m', and pmq is the horizontal, and pWo: 
the vertical projection of the angle. 
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Let the problem bo constructed when both planes are parallel 
to the ground lino. 



53. If the angle between a given plane and either plane of 
pfojection, as the horizontal, be required, wo simply pasa a plane 
perpeiidJcnIar to the horizontal trace, as in Fig. .11. This plane 
euts on from H, and ON from tTi', and tho angle non", found 
by revolving the auxiliary plane about on, Art, (34), will be the 
required angle. 

In the same way the angle p'q'p", between the given plane 
and vertical plane, may be found. 



54. pKOBi^M 16. Mither trace oj a plane bdnff given, and 
(he aiiqle which the plane makes teiik ike corresponding plam of 
projection, to construct the othei- trace. 

Let /T, Fig. 31, be the horizontal trace of the plane, and d(f 
the angle which the plane makes with tho horizontal plane. 

Analysis'- If a right line be drawn through any point of the 
given trace, perpendicular to it, it will be the horizontal trace 
of a plane perpendicular to tho given trace, and if at tho same 
point a line be drawn, making with this line an angle equal to 
the given angle, this will be the revolved position of a line cut 
from the required piano by this perpendicular plane. Art. (53). 
If this line be revolved tn its true position, and the point in 
which it pierces the vertical plane be found, this will be a point 
of the required vertical trace. If this point be joined with tho 
point where tie horizontal trace intersects the ground line, wc 
shall have. the vertical trace. 

Construction. Through o draw no perpendicular to ;T ; also 
oji", making the angle non" — def; on" will be the revolved 
position of a line of the required plane. When this lino is re- 
volved to its tilie position, it pierces V at »', and n"S is the re- 
quired trace. 
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If the given ti-ace does not intersect the ground line wilbin 
the limits of the drawing, the same construction may be made 
at a second point of the trace, and thus another point of the 
vertical trace be determined. 



55, Problsm 17. To find ike shortest line which caw be 
drawn, terminatinif in tioo right lines, not in the same plane. 

Let MN. Fig. 32, and OP, be the two right lines. 

jhialysis. The required line is manifestly a right line, per- 
pendicular to both of the given lines. If through one of the 
lines wo pass a plane parallel to the other, and then project this 
second line on this plane, this projection will be parallel to the 
line itself, Art. (li), and therefore not parallel to the first line. 
It will tiien intersect the first line in a point. If at this point 
wo erect a perpendicular to the plane, it will be contained in 
the projecting plane of the first line, be perpendicular to both 
lines, and intersect them both. That portion included between 
them is the required hne. 

Construction. Through MN pass a plan pa all 1 t OP, 
Art. (48) : mr is its horizontal, and k'n' t tit ace. 

Throngli any point of OP, as Q, draw QU I [ n 1 1 lo 
this plane, Art. (49). It pierces the piano at U A t. (40); 
and this is one point of the projection of OP on the parallel 
plane. Througt U draw UX parallel to OP; it will be the 
projection of OP on the plane. It intersects MN in X, whicii 
ia the point through which the required lino is to be drawn ; 
and Xy, perpendicular to the plane, ia the required line, the 
true length of which is xf'y", Art. (28). 

Let the problem be constructed with one of the lines parallel 
to the ground line. 

Also with one of the lines perpendicular to either plane oi 
projection. 
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50. Second '■onstrnction of the same problem. 

Let MN and OP Fig 33 ba the n^bt bne 

Thiouffh MN pass a [lane [arallel to OP, Ait (48) lu la 
its boiizontil trice Through p convene a perpeiidi^'ulai to be 
drawn to this pline Tlie point in whicli it pierces tne plinc 
will be one point ot the piojection of OP on the plane lo 
find this point, through the perpendicnlai pass a plane perpen 
iicular to OP pq will be its hoiizontal trace, Art (43) This 
plane will intersect the parallel plane in a right line whiclj 
pioices H If 5 It intersects the horizontal piojoctiag plane of 
OP in a nght line jerpenlicukr to OP it p To determine 
this hne, leiohe tile projecting plane of OP about op tmtil it 
coincides with H Any point of OP, as L, falls it I , and pi 
IS the revolved position ot OP This piojecbng (lane intersects 
the pirallel plane in a light line, which pierces H at k, and is 
paiaUtl to OP, iu parall \ X pi th ol d position of 

this parallel line, ^a, pe p d la t j i th nolved posi 
tion of the intersection of th p j t pi ad perpendicular 
plane; and m is the revol dp t f a p t of the line of 

intersection of the perpen 1 1 a d pa all 1 pi le. Now re- 
volve the plane perpendie la t OP b tpq a i axis, until it 
coincides with H. The point, of which it is the revolved position, 
falls at u", and v."q is the revolved position of the line of inter- 
section of the perpendicular and pai'allel plane ; pp" is the re- 
volved position of the lino throngh p perpendicular to the parallel 
plane, and is equal to the distance required ; and p" is the re- 
volved position of the projection of p on the parallel plane. In 
the counter-revolution, the point p" will be horizontally pro- 
jected, somewhere in the peipcndicnlar to the axis pq ; p" v'' is 
the horizontal projection of the projection of OP on tlie parallel 
plane, and ity, perpendicular to nvr, is the horizontal, and x'y' the 
vertical projection of the required line. 
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57. Every line may he gejterated by the continued motion of a 
point. If the generating point be taken in any position on tlie 
line, and then be moved to lis next position, fLese two points may 
be regarded aa forming an infinitely small right line, or eUjiien- 
tary line. Tbe two points are consecutive points, or points hav- 
ing no distance between them, and may practically be consideied 

The line may thus bo regarded a£ made ap of an infinite num- 
ber of infinitely smaJl elements, each element indicating the 
direction of the motion of the point while ganerating that part 
ef the line. 

58. The law which directs the motion of the generating point, 
determines the nature and class of the line. 

If the point moves always in the same direction, that is, so that 
the elements of the line are all in the same direction, the line gen- 
erated is a right line. 

If the point moves so as continually to change its direction 
from point to point, the line generated is a curved line or curve. 

If ail ike dements of a curve are in the same plane, the cnrve is 
of single curvature. 

If no three consecutive elements, that is, if no four consecutive 
points are in the same plane, the curve is of double curvature. 

We thus have three general classes of lines. 

I. RioHT LINES : all of whose points lie in the same direction. 

n. Curves op sihgls ourtatubb ; all of whose points lie in 
the same plane. 

ni. Curves of double ourvaturb : no four consecutive points 
of which lie in the same plane. 

69. The simplest curves of single curvature are : 
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I. The circumference of a circle, which may be generated by a 
point moving in tbe same plane, so as to remain at tbe same dis- 
tance from a given point. 

H, A parabola, which may be generated by a point moving 
in the same plane, so that its distance from a.given point shall 
be constantly equal to its distance from a given right line. 

The given paint is the focus, the given right line the direclrir. 

If through the focns a right line be drawn perpendicuiav to 
the directrix, it is the axis of the parabola ; and the point in 
which the axis intersects the curve is the vertex. 

From the definition, the curve may readily be constructed by 
points, thus : Let F, Fig. 34, be the focus, and CD the directrix. 
Through F draw FC perpendicular to CD. It will be the axk. 
The point V, midway between F and C, is a point of the curve, 
and is ike vertex. Take any point on the axis, as P, and erect 
the perpendicular PM to the axis. With F as a centre, and CP 
as a radiuB, describe an arc cutting PM in the two points M and 
if. These wili be points of the curve, since 

FM = CP = DM, also FM' = CP = D'M'. 

In the same way all the points may be constructed. 

III. An ellipse, which may be generated by a point moving in 
the same plane, so that the sum of its distances from two fixed 
points shall be constantly equal to a given right line, 

Tbe two fixed points are the foci. The curve may be construct- 
ed by points, thus : Let F and F', Fig. 35, be the two foci, and 
VV the given right line, so placed that VF = VF'. 

Take any point as P between F and F'. With F as a centre, 
and V'P as s radius, describe an arc. With F' as a centre, and 
VP as a radios, describe a second arc, intersecting the first in 
llic points M and M', These will be points of the required curve, 
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Mf + MF' = VP + VT = VV ; also M i? + MT' = VV. 

In tbe same way all the points may be eonatructed, V and V 
are evidently pointe of the curve, since 

VF + VF' = V'F' + VF' = VV; also V'F' + VT ^ VV. 

The point C, midway between the foci, is i/ie centre of the 
curve. The line VV, passing through the foci, and terminating 
in tlie curve, is the transverse axis of the curve. 

The points V and V are ihe vertices of the curve. DD' per- 
pendicular to VV, at the centre, is the conjuffate cixis of the curve. 

If the two axes are given, the foci may be constructed thus : 
"With D the extremity of the conjugate axis as a centre, and CV 
the semi-transverse axis as a radius, describe an arc cutting VV 
in F and F'. These points will be the foci, for 

DF 4- DF' = 2CV = VV. 



IV. The hyjierbola, which may be generated by moving a point 
!u the same plane, so that the difference of its distances from two 
fixed points shall be equal to a given line. 

The two fixed points are the foci. 

The curve may be constructed by points, thus : Let F and F', 
Fig. 36, bo the two foci, and VV tbe given line, so placed that 
FY = F'V. 

With F' as a centre, and any radius greater than F'V, as F'O, 
describe an arc. "With F as a centre, and a radius PM, equal to 
F'O — YV, describe a second are, intersecting the first in the 
points M and M'. These will be points of the requiied curve, 

F'M - FM - F'O - FM = VV ; also F'M' - FM' ~ VV. 
In the same way any number of points may be determined. 
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It is manifest, also, that if tbe greater radius be used with F as 
a centre, another brannh, NV'M', exactly equal to MVM', will be 
described. 

V and Y' are evidently points of the curve, since 

F'V - FV = VV ^ FV - FV, 

and are the vertices of the hyperbola. 

The point C, midway between the foci, is the centre, and VV is 
the transverse asaa. A perpendicular, DD', to the transverse axis 
at the centre, is the indefinite conjugate axis. It evidently does 
not intersect the curve, 

PROJECTION OP CURVES, 

60, If all the points of a curve be projected upon the horizontal 
plane, and these projections be joined by a line, this line is the 
horizontal projection of the curve. 

Likewise, if tUo vertical projections of all the points of a cnrve 
be joined bj a line, it will be the vertical projec lion of the curve. 



61. The two projections of a curve Icing given., the curve -will, in 
general, he completely determined. For in tlie same perpendicular 
to the ground line, two points, one on each projection, aiay be 
assumed, and the corresponding point of the curve deteimincd, as 
in Art. (8). Thus m and m', Fig. 3'7, being assumed in a perpen- 
dicular to AB, M will be a point of the curve, and in the same 
way every point of the curve may in general be determined. 

82. If the plane of a curve of single curvature is perpendiculaf 
to either plane of projection, the projection of the curve on that 
plane will be a right line, and all of its points will be projected 
into the ti'ace of the plane on this plane of projection. 
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If the plane of the curve be pei-pendiciilar to tte ground line, 
both projections will be riglit line^ perpeuJiculai- to the ground 
line, and the cnrve will be undeteriuined, as in Art. (IB). 

If the plane of the curve bo parallel to cither plane of projec- 
tion, its projection on that plane will bo equal to itself, since each 
.clement of tlie curve will be projected into an equal element, 
Alt. {14). Its projection on the other plane will bo a right line, 
parallel t« the ground line. 

The projection of a curve of double curvature can in no case bo 
a right line. 

Ca. The points in which a curve pierces either piano of projec- 
tion can be found by the same rule as in Art. (27). Thus o. Fig. 
31, is the point in which the curve MN pierces H, anil p' the 
point in which it pierces V. 



64. If a right line be drawn through any point of a curve, as 
hi, Fig. 38, intersecting it in another point, as M', and then the 
second point he moved along the curve towards M, until it co- 
incides with it, the line, during the motion containing both points, 
will become iangmt to the curve at M, which is ike point of contact. 

As when the point M' becomes consecutive with M, the line 
thus containing the clement of the curve at M, Art. (57), may, for 
all practical purposes, be regarded as the tangent, wo say that « 
right line is tangmt to another line, when it contains two consecutive 
points of that line. 

If a right line continually approaches a curve, and becomes 
tangent to it, at an infinite distance, it is called an asymptote of 
Ike curve. 

Two cm'ves are tangent to each other, when tbej contain two 
consecutive points, or have, at a a 

If a right line is tangent to a c 
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he contained in Clie plane rtf the ew-ve, for it passes through two 
points in that plane, viz., the two consecutive points of the curvy. 

Also, if a light line is tangent to another right line, it will (oui' 
eide with if, as the two lines have two points in common. 

The expression, " a tangent t« a curve," or "a tangent," vvJI 
hereafter be understood to mean a rectilinea! tangent, unless 
otherwise mentioned. 



65, If two lilies are tangent in space, titeir prcjections on Che 
same plane will be tangent to each other. For the projections of 
the two consecutive points, common to the two lines, will also bi- 
consecutive points, common to the projections of both lines, Art. 
(60). 

The convevBO of this is not necessaiily true. But if both tiic 
horiaontal and vertical projections are tangent at points, which arc 
the projections of a common point of the two lines. Art. (28), t!ie 
lines will be tangent in space ; for the projecting perpendiculars, 
at the common consecuti,ve points, will intersect in two consecu- 
tive points common to the two lines. 



66. If a right line be drawn perpendicular to a tangent at its 
point of contact, as MO, Fig. 38, it is a normal to the cwrve. As 
an infinite number of perpcndiculai's can be thus drawn, all in a 
phine perpendicular to MT at M, there will be an infinite jinmber 
of normals at the same point. 

If the curve be a plane curve, that is, a curve of single curva- 
ture, the term "normal" will be understood to mean that normal 
which is in the plaTie of the carve, unless othei'wise mentioncrf. 



67, If we conceive a curve to be rolled on its tangent at «ny 
point, until each of its. elements in succession comes into tbisFtan- 
gcnt, the curve is said to \i&rectijied; that is a right line, equal to 
it in length, has been found. 
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e the tangent to a curve at a point contains the element of 
rvc, the angle ivhicli the curve, at this point, makes with 
Cior plane will be the same as tliat made by the taiigciit. 



08. IS a point be moved unifoniily around a right line, remjuii- 
ing always at the s;mie distance from it, and having at the same 
time a uniform motion in the direction of the line, it will generati: 
a curve of <loiib!e curvature, called a helix. 

The right line is the atcis of the curve. 

Since all tlie points of the curve are equally distant from the 
axis, the projection of tie curve on a plane perpendicular to this 
axis will be the circumference of i circle 

Thus let )«, Fig. 39, be the honzontal, and m'n' the vertical 
projection of the axis, and P the generating point, and suppose 
that while the point moves once around the axis, it moves 
though the vertical distance ni'n' ; prys will be the horizontal 
projection of the curve. 

To dttenuine the vertical projection, divide prqs into any nmn- 
bei of equal parts, as 16, and also tbe line m'n' into the same 
numbet, as in ihe figui'c. Through these points of division draw 
lines parallel to AB. Since- the motion of the point is uniform, 
while it moves one-eighth of the way round the axis it will as- 
cend one-eighth of the distance m'n', and be horizontally pro- 
jected at X, and vertically at x'. When the point is horizontally 
projected at r, it will be vertically projected at r' ; and in the same 
way the points y', </', &c., may be determined, andpVj's' will be 
the required vertical projection. 



69. It is evident from the nature of the motion of tlie genera- 
ting point, that in generating any two equal portions of the onrve, 
it ascends the same vertical distance ; that is, any two elementary 
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arcs of the curve will make equal angles with the horiaontai plane. 
Thus, if C]) (a), Fig. 39, be any element of the curve, the angle 
which it makes with the horizontal plane will be DCe, cr the 
angle at the base of a right-angled triangle of which Ce =: cd, Fig. 
39, 13 the base and "De the altitude. But from the nature of the 
motion, Ce is to De as any arc j*c is to the corresponding ascent 
x"x'. Hence, if we rectify tlie arc xp. Art. (07), and with this a-, 
a base consti*uct a right-angled triangle, having x'j:'' foi its alti- 
tude, the angle at the base will be the angle which the arc, or its 
tangent at any point, makes with the horizontal plane. There- 
fore, to draw a tangent at any point aa X, we draw xz tangent to 
the circle pxr at .r ; it will be the horizontal projection of the re- 
ijuii'ed tangent. On tliis, from x, lay off the rectified arc xptoz; 
3 will be the point where the tangent pierces II, and z'x' will be 
its vertical projection. 

Since the angle which a tangent to tho helix makes with tbe 
horizontal plane is constant, and feince euch element of the curve 
is equal to the hypothenuse of a liglit-angled triangle of which 
the base is its horizontal projection, the angle at the base, the con- 
stant angle, and the altitude, tho ascent of tho point while genera- 
ting the element ; it follows, that when the helix is rolled out on 
its tangent, the sum of the elements, or length of any poition of 
the curve, will be equal to tho hypothenuse of a right-angled tri- 
angle, of which the base is its horizontal projectiwi rectified, and 
altitude, the ascent of the geneiating point while generating the 
portion considered. Thus the length of the arc pX is equal tu 
the length of the portion of the tangent ZX. 



GENERATrOH I 

TO. A surface may ie generated by ike continued molion of a 
line. The moving line is the generatiix of the surface ;. and the 
different positions of the generatrix are the elemenis. 

If the generatrix i>e taken in any position, and then be moved 
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to its next poaltion oa the surface, these two positiois are consecu- 
tive positions of the generatrix, or consecutive elements of the sur- 
face, and may practically be regarded as one element. 



71. The form of the genecatrix, and the law ivhich directs its 
motion, determine the nature and class of the suifece. 

Surfaces may bo divided into two general classes. 

First. Those which can be generated hj right lines; or which 
have rectilinear elements. 

Second. Those which can only be generated hy curves, and which 
can have no rectilinear elements. These are Double cuuvbd sur- 
EACsa. 

Those which can be generated by right lines are : 

Fti^t. Planes, which may be generated by a right line moving 
so as to touch another riyht line, having all its positions parallel 
to its first position. 

Second. SiifOLE curved surfaces, which may be generated 
by a right line, moving so that any two of its consecutive positions 
shall he in the same plant. 

Third, Warped sureaoeb, which may be generated by a right 
line moving so that no tieo of its consecutive positions shall be in 
the same plane. 



12. Single curved surfaces are of three kinds. 

I. Those in which all the positions of the rectilinear generatrix 
are parallel. 

II. Those in which all the positions of the rectilinear generatrix 
intersect in a common point. 

III. Those in which the consecutive positions of the rectilinear 
generatrix intersect two and two, no three positions intersecting in 

Q point. 
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is sometimes considered; in which case the lowei cnr>o ot iiitLr 
section is Oie lower haae, and the othei ike vpi et base 

Cylinders are distinguished b} the nime of the i ba es is i 
cylinder witli a circular base ; a cjlindcr with an eliiptii-il b'lse 

If the i^ectilinear elements ai-L perpendicular to the plane of tl t 
base, the cylinder is a right cyhnim and the bise aii/ht feci o i 

A cylinder may also ho geneuted by moving the uiiv lineai 
directrix, as a generatrix, along any one of the rectilmear ele 
nienta, as a diiectrix, the carve lomiining ilwajs parallel to ila 
tiret position. 
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If the cui'viiiLear directrix be cliangcd to a rigbt line, tlie cyl- 
inder becomes a plane. 

It is manifest that if a plane parallel to the rectilinear elements 
intersects the cylinder, the lines of intersection will be rectilinear 
elements, which will intersect the base. 



T4. It will be seen that the projecting lines of the different 
points of a curve. Art, (60), form a right cylinder, the base of 
which, in the piano of projection, is the projection of the curve. 

These cylinders are respectively ike horizontal and vertical pro- 
jecting cylinders of the curve, and by their intersection determine 
the curve. 



15. A cylinder is represented by projecting one or more of the 
curves of its surface, and its principal rectilinear elements. 

"When these elements are not parallel to the horizontal plane, it 
is usually represented thus ; Draw the base, as mlo, Fig. 40, in 
thehoriz t.lpl T 1 1 th d lit 1 nes /« and ir, 

parallel t th h t 1 i j t f tl g t ix ; these will 

be the h ta! p j t f th t t Imear elements, 

as seen f m th p t f ght, th f m ng th 1 orizontal pro- 
jection of th yl 1 D f tat th b perpendicular 
to the ground line, aa mm , oo , throu^b the po nts m' and o', 
draw lines m'n' and o's', parallel to the vertical projection of the 
(j;eneratrix, thus forming the vertical projection of the cylinder; 
m'o' being the vertical projection of the base. 



76. To assume a point of the surface, we first assume one of its 
projections, as the horizontal. Through this point, erect a per- 
pendicular to the horizontal plane. It will pierce the surface in 
the only points which can be horizontally projected at the point 
taken. Through this perpendicular, pass a plane parallel to the 
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rectilinear elements ; it will intellect tho cylinder in elements, 
Art. (73), which will be intersected by the perpendicular in the 
required points. 

ConetmcHon.- Let p, Pig. 40, be tbe liorizontal projection as- 
.sumed. Through p, drav/ pg parallel to Ix; it will be the hori- 
zontal trace of the auxiliary plane. This plane intersects the 
cylinder ill two elements; one of which pierces H at 5, and tho 
other at m; and q'y', and wV", will bo the vortical projections 
of these elements, v'p' the vertical projection of the perpendicu- 
lar, and p' and p" the vertical projections of the two points of 
the surface, horizontally projected at^. 

To assume a reclilinear element, we have simply to draw a line 
parallel to tho rectilinear generati'ix, through any point of the 
base, or of the surface. 



77. Single curved surfaces of the second kmd, are Conical siir- 
faces, or Cones. 

Every cone may be generated by moving a right line so as con- 
tinually to touch a given curve, and pass through a given point 
not in the plane of the curve. 

The moving line is ike rectilinear generatrix; the curve, the 
directrix; the given point, the vertex of the cone; and the differ- 
ent positions of the generatrix, the rectilinear elements. 

Tlie generatrix being indefinite in length, will generate two 
parts of the surface, on different sides of the vertex, which are 
called nappes ; one, the vpp^r, the other, the lower nappe 

Thus, if the right line MS, Fig. 41, move along-the curve mlo, 
and continually pass through S, it ivill generate a cone. 

If the cone be intersected by any plane not passing through 
tho vertex, the curve of intersection may be taken as a directrix, 
and any rectilinear element as a genernirix, and the cone be re- 
generated. This curve of intersection may also be the base of ihu 
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cone. The intersection of the cone by tte lioi'izontal plane, is 
usually t^en as the base. 

If a definite portion of the cone included by two parallel planes 
is cousidcreiii it is called a frustum of a cone ; one of the limit- 
ing cuiTes being the lower, and the other the vpper base of the' 
frustum. 

Cones are diatingnishe^ by the names of their bases ; as a cone 
with a circular base ; a cone with a parabolic base, &c. 

If the rectilinear elements all make the same angle with a right 
line passing through the veil*!:, the cone is a right aone, the right 
line being its axis. 

A cone may also be generated by moving a cnrvo so as con- 
tinually to touch a right line, and change its size according to a 
proper law. 

If the curvilinear directrix of a cone be changed to a right 
line, 01' if the vertex be taten in the plane of the carve, the cone 
■will become a plane. 

If the vertex be removed to an infinite distance, the cone will 
evidently become a cylinder. 

If a cone be intersected by a plane through the vertex, the 
lines of intersection will be rectilinear elements, intersecting the 

78. A cone is represented by projecting the vertex, one of the 
curves on its surface, and its principal rectilinear elements. Thus, 
let S, Fig, 41, be the vertex. Draw the base, mlo, in the horizon- 
tal plane, and tangents to this base through s, as si and sk ; thus 
forming tlio horizontal projection of the cone. Draw tangents to 
the base, perpendienlar. to the ground line, as mm', oo' ; and 
through m' and o', draw tte right lines m's' and o's', thus foim- 
mg the vertical projection of the cone. 



79. To asmime a point of ike mrface, we first assume one o 
its projections, as the hoimmtal. Through this erect a perpen 
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(licular to the horizontal plane ; it will pierce tho surface in the 
only points which can be horizontally projected at the point 
lakcii. Through this perpendicular and the vertex pass a plane. 
It will intersect the cone in elements which will be intei-seeted by 
he perpendicular in the required points. 

Construction. Let ^ be the horizontal projection. Drawjw. 
]t will be the horizontal trace of the auxiliary plane, which iuter- 
Bects the cone in two elements ; one of which pierces H at q, and 
Ihe other at r, and q's' and r's' are the vertical projections oi' 
these elements, and p' and p" arc the vertical projections of tho 
two points of the surface. 

To assume a rectilinear element, we have simply to draw 
tiirough any point of the base, or of the surface, a right line to 
the vertex. 



HO. Single curved surfaces of the third kind, may he generated 
by drawing a system of tangents to any curve of double curva- 
ture. These tangents will evidently be rectilinear elements of a 
single curved surface. For if we conceive a series of consecutive 
points of a curve of double curvature, as a, h, c, d, fee, the tan- 
s^nt which contains a and b, Art. (64), is intersected by tho one 
wliich contains b and c, at 6 ; that which contains b and e, by the 
one which contains e and il, at c ; and so on, eacii tangent intei'- 
secting the preceding consecutive one, but not the others, since no 
two elements of the curve, not consecutive, are, in general, in the 
same plane, Art. (58). 



81.. It' the curve to which the tangents are drawn, is a helix, 
Art. (68), the surface maybe represented thus; Let pxy, Fig, 
42, be the horizontal, and j>'x'y' the vertical projection of tlie 
helical directrix. Since the rectilinear elements are ali tangent to 
this directrix, any one may be assumed, as in Art. (69) ; heneo 
XZ, YU, &c,, are elements of the surface. 
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A point of the surface may he assumed bj taking a point on 
any assumed clement. 

These dements pierc« H in tbe points z, u, v, &c., and zuvw ta 
the cuTve in which the surface is intersected by tbe hoiizontal 
piane, and may be regarded as the base of tbe surface ; and it is 
evident that if the surfaee be intersected by any plane parallel to 
this base, the curve of intersection will be equal to the base. 



WAllPBD SUKFAOES WITH A TU 

82. There is a gieat lariety ot waiped sailicca, difiering trom 
each otlier in their mode of generation and properties 

The most simple are those which in'iy be generated by a right 
line ffeneralifx, moving so as to touch two other lines as direc- 
tricen, and parallel to a given plane, called a p^ane directer 

Such surfaces are warped sur/aces, with, two hmar d/reclrtces 
and a plane directs 

They, as all otlier warped surfaees, may be represented b\ pro- 
jecting one or more curves of the surface, and the piiai ipil rec- 
tilinear elements. 



81 The directrices ind plane directer being given, a recti- 
lineal element, passing through any point of etlhet directrix, maij 
be detei mined, by passing a plane through this point, parallel to 
tbe plane directer, and finding the point in whii,h this [ hue cuts 
the other directrix, and joining this with the given pomt 

Construction Let MN and PQ, Tig 43, be am two linear 
directrices, f^i' the plane directer, and any point of the first 
directrix. 

Assume any line of the plane directer, as CD, Ait (30), and 
tliroiigh the different points of this line, draw right lines SE, SF, 
&o., to any point, as s of (T. Through O draw a system of linea 
OR, OY, &e., parallel rospootivoly to SE, SF, .fee. These will 
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form a plane thi'ougb O, parallel to Cit', and pierce the horizontal 
projecting cylinder of PQ, in tlie points E, Y, W, &c. These 
points being joined, will form the curve RW, which intersects 
PQ in X, and this is the point in which the anxiliary plane cuts 
'the directrix PQ. OX will then he the required element. If the 
curve r'w' should interaect p'q' in more than one point, two or 
more elements passing through would thus be determined. 



84. If o.n element he required parallel to a given right line, this 
line bemg in the plane dnecter, or parallel to it, we draw through 
the different points ot either directrix, lines parallel to the guen 
line These form the rectilineal elements of a cylindei, parallel 
to the guen line. If the points in which the seLond directnx 
pieiccs this cjhnder be found, ind lines be drawn through them 
paral e! to the gnen line, each will touch both directni.e'!, and bt 
an element required 

Conatiucti07i Let the surface be given as in the pieceding 
Article, and let FS, Fig. 44, he the given Ime. Through the 
points 0, IC, L, &c., draw OX, KY, LZ, &c., parallel to FS. 
These lines pierce the horizontal projecting cylinder of the direc- 
trix PQ, in the points X, Y, Z, &c., which, being joined, form the 
curve XY, intersecting PQ in W. Through W draw WE, par- 
allel to FS ; it is a required clement, and there may be two or 
more as in ihe preceding Article. 



85. A warped surface, with a plane directer, having one direc- 
trix a light line and the other a curve, is called a Conoid. The 
elements of the conoid pass through ail the points of the recti- 
linear directrix, instead of a single point, as in the cone. 

If the rectilinear directrix is perpendicular to the plane directer, 
it Ib a right conoid, and this directrix is the line of atriction. 
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ins HYPERBOLIC PAEABOLOID. 



80. A wai'pcd Buifaee with a plane directer and two rectilinear 
direclrices, is a Hyperbolic Parlxholoid, since its intci'section by a 
plane may be proved to be either an hjpeihoia or parabola. 

Its rectilinear elements may be constructed by the principles in 
Arts. (83 and 84). In the first case, two right lines through the 
given point will determino the auxiliary plane, and the point in 
which it is pierced by the second directrix may be detcraiined at 
once, as in Art. (41). In the second case, the cylinder becomes a 
plane, and the point in which it is pierced by the second directrix 
is also determined as in Art^ (^O- 



87. The rectilinear elements of a hyperbolic paraboloid divide the 
directrices proportionally ; for these elements arc in a system of 
planes parallel to the plane directer and to each other, and these 
planes divide the directrices into proportional parts at the points 
where they are intersected by the elements. {Dailies' Legendre, 
Book vi,. Prop, sv.) 

Conversely, ^two right Unea be divided into any ntimher of 
proportional par/s, the right lines joining the corresponding points 
of division will lie in a system of parallel planes, and be elements 
of an hyperbolic paraboloid, the plane directer of which is parallel 
t a y tw f these dividing lines. 

Th 1, 1 t MN and OP, Fig. 45, be any two rectilinear di- 

t Take any distance, as ml, and lay it off on mn any 

b ft mes, as ml, Ik, kg, ifcc. Take also any distance, as 
^ a d lay t off on po any number of times, as pr, rs, su, qo, itc. 
J tb esponding points of division by right lines, Ir, ks, <ju, 

ifec. ; these will be the horizontal projections of rectilinear ele- 
ments of the surface. Through m, I, k, &c., and p, r, s, ifec^ erect 
perpendiculars to AE, to m', V, k', ic, and p', r', s', &c., and join 
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be corresponding points by the right lines I'r', k's', g'u', &e., 
tlieae will be the vertical projections of the elements, 

88. To assume any jxAnt on this a:nfaee, and in general, on any 
warped surface, we first assnrae its horizontal projection, and at 
this, elect a perpendicular to the horizontal plane. Through this 
perpendiLulai pass a plane ; it will intersect the rectilinear el- 
ements m points whioh, joined, will give a lino of the surface, 
and the points m which this line intersects the perpendicular will 
l>e the required points on the surface. 

Let the constuittion be maJe upon either of the figures, 43, 44, 



89. If any two recliiinear elemerUs of an hyperbolic paraboloid be 
taken as directrices, with a plane directer parallel to the first di- 
rectrices, and a surface bo thus generated, it will be identical with 
the first surface. 

,To prove this, we have only to prove that any point of an ele- 
ment of the second generation is also a point of the first. 

Thus, let MN and OP, Fig. 40, be the directrices of the first 
|reneration, and NO and MP any two rectilinear elements. 
Through M draw MW parallel to NO. ITio plane WMP will he 
parallel to the plane directer of the first generation, and may be 
taken for it. 

Let NO and MP be taken as the new directiices, and let ST be 
an element of the second generation, the plane directer being 
parallel to MN and OP. Through TJ, any point of ST, pass a 
plane parallel to WMP, cutting the directrices MN and OP in Q 
and K. Join QR, it will be an element of the first generation, 
Art, (83). Draw Nm and Qy parallel to ST, piercing the plane 
WMP in n and q. Also draw Oo and Ri- parallel to ST, piercing 
WMP in and r; and draw no, intersecting MP in T, since N;t, 
ST, and Oo are in the same plane. M, q, and n will be in the 
sitme right line, as also P, )■, and o ; and since MN and N«, inter- 
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sectiag at N, are parallel to the plane directer of tiie second gen- 
eration, their plane will be parallel to it, as also the plane of PO 
and.Oo; hence, these planes being parallel, their intersections, 
M» and Po, with the plane WMP, will be parallel. Draw qr. 
Since Qq and Nra are parallel, we have 

MQ : QN" ; ; M5 : qn. 

PR : EO ; ; Pr : ro. 
But Art. (87), 

MQ : QN : : PR : RO; 

hence, 

Mj : qn : : Fr ; ro ; 

a d the ^ht line qr must pass through T, and the plane of tha 
tl pa allcl Q/ SI and Rr, contains the element QR, which 
u t th ff to t Sr at U. Hence, any point of a rcc- 

t ! n a el m nt ot th o id generation is also a point of an 

el m t f th h t g n rat on, and the two surfaces are identical. 
It follow f om th that h gh any point of an hyperbolic parabo- 
loid two rectilinear elements can always be drawn. 



90, A second class of warped surfaces consists of those which 
may be generated by moving a right Hue so as to touch three 
lines as directrices ; or warped surfaces with three linear directrices. 

A rectilinear element of this class of surfaces passing through a 
ilh-en point on one of the directrices, may be found by drawing 
through this point a system of I'ight lines intersecting ather of 
the other directrices; these form the surface of a cone which will 
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be pierced by tlie third directrix in one or move points, through 
which and the given point right lines being drawn will touch the 
three directrices, and ho requited elements, 

Construotion, Let MN", OP, and QE, Fig. 47, be any thrtjt; 
linear directrices, and M'a givca point on the first Throngii M 
draw the Hues MO, MS, MP, &c^ intersecting OP in 0, S, P, ifcc. 
They pierce the horizontal projecting cylinder of Qlt in X, Y, Z, 
ifec, forming a curve, XTZ, which intersects QR in If, the point 
in which QU pierces the surface of the auxiliary cone. MU is 
then a required element, two or more of which would be deter- 
mined if XZ should intersect QR in more than one point. 



91. The simplest of the above class of surfaces is a surface 
which may he generated by moving a right line so as to touch three 
rectilinear directrices. It is an Hyperholoid of one nappe, as many 
of its intei'seotions by planes are hyperbolas, while the surface 
itself ia unbroken. 

The., construction of the preceding Article is much simplified 
fov this surface, as tlie auxiliary cone becomes a plane; and the 
point in which this plane is pierced by the third directrix is 
foundasin Art(40), or(41). 



93. If a right lino be moved uniformly along another right line, 
as a directrix, always making the same angle with it, and at the 
same time having a uniform angular motion around it, a warped 
surface will be generated, called a Helicoid. 

The i-ectilincar direotris is the axis of the surface. Thus, Fig, 
48, let the horizontal plane he taken perpendicul.ar to the axis, o 
being its horizontal, and o'n' its vertical projection, and let OP be 
the generatrix, parallel to the vertical plane. 



dbyGoogle 



DESOKIPTITE OEOMETBT. 53 

It is evident from the nature of the lyiotinii of the generatrix, 
that each of its points will generate a helix, ArL (68). That gen- 
erated by the point P, constructed as in Art. (68), will be hori- 
zontally projected in prq, and vertically in p'l-'q'. 

To assume a reclilinear element of the surface, ivo first assume 
its horizontal projection, aa ox. Through x erect the perpendicu- 
lar xx', and from o' lay off the distance o'o", equal to x'x" ; o"x' 
wiii he the required vertical projection. In the same way, the 
element (oy, o"'y') may bo assumed. 

To assume any point on the surface, ive fii'st assume a rectilinear 
element, and then take any point in this element, as M. 

The elements pierce the horizontal plane in the points p, u, m, 
&c., and the curve puw is its intersection by the surface. 

The surface is manifestly a warped surface, since, from the na- 
ture of its generation, no two consecutive positions of the gcuera- 
tris can be parallel or intersect. 

This surface is an important one, as it forma the curved surface 
of the thread of the ordinary screw. 

If the generatrix is perpendicular to tlie axis, the helicoid be- 
comes a particular case of the right conoid, Art. (85), the hori- 
zontal plane being the plane director, and any Lelix the curvi- 
linear directrix. 



93. Other varieties of warped surfaces may be generated by 
moving a right line so as to touch two lines, having its different 
positions, in succession, parallel to the different rectilinear el- 
ements of a cone: By moving it parallel to a given plane, so aa 
to touch, two surfaces, or one surface and a line ; or so as to 
touch three surfaces — two surfaces and a line — one surface and 
two line?; and in general, so as to fulfil any three reasonable 
conditions. 

It stonld be remarked, that in all these cases the directrices 
^ould he so chosen tibat the surface generated will be neither a 
plane nor single curved suiface. Also, that lliesL' surfaces, as all 
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otbara, may bo generated by curves moved in acoordar 
law peculiar to each variety. 



94. If a curve be moved in any way so as not 
surface of either of the above classes, it will generate a double 
curved surface, the simplest variety of which is ike surface of a 

9o. Au tJidiiimation of the mide'! ot genciatin^f siificis, al i\e 
described wdl indicate the following te^ foi ■iscertainiTig the 
general class to which any given surface belongs 

1. If a straight tnler e-in he made to touch the suilice in cvcr\ 
direction, it must le a plane 

2. Iftheinlei can he mide to touch a ciined suiface in am 
one direction and then be moved so as to touch m a position 
very near to the lii^t, and the two ught lines thus iniicatcd iic 
parallel or mtenect tlie surface mast bo nnjle curved 

3. If the lines thus indicated, neither intersLCt noi lie jiiallcl, 
the sutfiice must be uarped 

4. If the luler cannot he male to toneh the suifak,c m any di 
rection, the surface imibt be doiMi, cui ved. 



suhfaces of revolution. 

96. A surface of revolution, is a surface which inaij be generaied 
by revolving a line about a right line as an axis, Art. (17). 

Fiwrn the nature of this generation, it is evident that any inter- 
section of such a surface by a plane perpendicular to the axis, is 
the circumference of a cirelo. Hence, the surface may also be 
generated by moving tije cireumfcrence of a circle with ila plane 
perpendicular to the asis, and centre in the asis, and whose 
radius changes in accordance with a proscribed law. 
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If tte sitrt'ace be intersected by a plane passing through the 
axis, tlie line of intersection is a meridian line, and the plane a 
meridian plane ; and it is also evident that all meridian lines of 
the same surface' ai'e equal, and that tho surface may be genei'ated 
by revolving anv one of these meridian lines about tlio axis. 



t" If tno suilices of it,\olution hdvmg a comnnn ^\i*! mtd 
sett, i/j^ ^t Jit o/ tnlei sei-tion mi(a( he the ctrcumfei ence </ a circle, 
Tvhose plane is pei-pendteular to the axis, and centre m the a'iis, 
Fdi if a plane be p'lssed thiougii anj point of tho intersection lad 
the common axis it will cut from e'jch '-urfaco a meiidian line 
Alt. (06), and these mendian lines ivil! hiVL the point m com 
mon If these hues be re\ohed about tho common a\i», each 
will generate the surface tx> which it belongs, while the common 
pi mt Will generate the circumleienee ot a ciicli" common to tht 
tno aiitaces, and theicffie thpii mtprsection "should the me 
r ban lines intersect m more than inc po nt the suifatei, will 
inteisect in tno or moii, circ imtercni,i,i 



08 The simplest cnived surface of revolution la that which 
may be gsneiated ly i light line lovolving about another nght 
hne to which it is parallel Ihis is eiidentl> a cyhndncal sur 
face Art (73) and if the plane of the base be perpi-ndicukr t) 
the axis, it is a iiffhl cjltnder with a circular haiC 

If a right line be revolvLd about another light line whidi it 
inteiaects, it wdl generate i conical surface Ait (77), which is 
evidently a nght <onc, the axis being the hne with which the 
lectilmeai elements mali-e equal anj^Ies 

Ihese aie the only two sii gle c irveJ irfacis of ici Intioi 
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IHK KYPERBOLOtD OP REVOLUTION' C 



99. If a right I b 1 d I t other I'iglit line, not in 

the same plane h t t 11 g at a warped suriiice, wliieh 
\& an Hyperholoid / lal m J n j pe, Art. {91). 

To prove this, I t u t k the h ntal plane perpendicular to 
the axis, aod the t al pliiiic p all I to the generatrix in its 
first position, an 1 let F g 49 b the horizontal, and c'm' the 
vertiea! projection of th a and MP the generatrix : cm. will 
be the horizontal a d n th t al p jection of the shortest 

distance between tb tw 1 n A t { 5) 

As MP revolv ab ut th ax s, CM ^ II remain perpendicular 
to it, and M will d b a u nf e wbicb is hoiizontally 
projected in mxy and t tally y and as CM is horizontal, 
its horizontal pr j t on ^ 11 b p ■]. nd ular to the horizontal 
projection of MP n all ot ta po t o \rt, (30), and remain of 
the same length h n e the ho t I j ojection of MP, in any 
position, will be tan nt t th 1 y No two consecutive 

positions can the t e be pa all 1 N thcr can they intersect; 
for from the natu t tb a any two must be separated at 

any point by the el mentary a of the vcle described by that 
point The surf Iker f a ped irface. 

The point P, in 1 h MP \ H g aerates the circle pwq, 

which may be re a d d a (/ Sa f th urface. 

The circle generated by M, is the smallest circle of the surface, 
aud is the circle of the gorge. 



100. To assume a rectilinear element, we take any point in the 
base, pwq, and through it draw a tangent to xmy, as wz ; this will 
be the horizontal projection of an clement. Through z erect the 
perpendicular 2b' ; 2' will be the vertical projection of the point 
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in which the element crosses the circle of the gorge, and w'z' will 
be the vertical projection of the element. 

To assume a point of Ike surface, we first assume a rectilineal 
element, as ahove, and then take any point of this elemeDt, 
Art. (22). 



101. If through the point M, a second right line, as MQ, be 
drawn patalle! to the vertical plane, and making with the hori- 
zontal plane the same angle as MP, and tfiis line bo revolved 
about the same axis, it will generate the same surface. For if 
any plane be passed perpendicnlar to the axis, as the plane whose 
vertical trace is e'ff', it will cut MP and MQ in two points, E and 
G, equally distant from the axis, and these points will, in the re\'- 
olution of M P and MQ, generate the same circumference ; hence 
the two surfaces must be identical. The surfece having two gen- 
erations by different right lines, it follows that through any point 
of the surface two rectilinear elements can he drawn. 



102. Since the points E and G generate the same cironmfer- 
ence, it follows that as MP revolves, MQ remaining fised, tlie 
point E will, at some time of its motion, coincide with G, and tlie 
generatrix, MP, intersect MQ in G. In the same way any other 
point, sa F, will come into the point K of MQ, giving another 
clement of the iirst generation, intersecting MQ at K ; and so for 
each of the points of MP in succession. In this case, hi will be 
the horizontal projection of the element of the first generation. 
Hence, if the generatrix of eitlier generation remain fixed, it will in- 
tersect all the elements of the other generation. 

If, then, any three elements of either generation be taien as 
directrices, and an clement of the other generation be moved so 
as to touch them, it will generate the snrface. It is therefore an 
hyperholoid of one nappe, Art. (91). 

cl of revolution of one nappe may thus be gen- 
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kt lines. 



1 03, If the vertical plane is not parallel to the generatrix in it? 
first poBition, the circle of the gorge may be constructed thus: 
I-et WZ be the first position of the generatrix, and through c 
ilraw « perpendicular to wz ; it wil! be the horizontal projection 
'i( the radius of the required circle. The point of which a is the 
liorizontal projection, is vertically projected at z', and mzx will be 
the horizontal, and y'x' the yertical projection of the circle of the 
gorge. "With e as a centre, and <;w as a radius, describe the base 
piMf/, and the surface will be fully represontod. 



104. To cortst-ntct a mei'idian curve of th a sn da e ve piss a 
plane through the axis, parallel to the vertical jla e It w 11 n 
tersect the horizontal circles, generated bj the 1ft nt po si 
the generatrix, in points of the required c ve wl cl 11 be e 
tically projected into a curve equal to itself Art (62) 

Thus the horizontal plane, whose vertical trace m er/, intersect*, 
the generatrix in E, and eo is the horizontal projection of the 
circle generated by this point, and is the point in which this 
circle pierces the meridian plane. 

In the same way, the points whose vertical projections are n', 
x', n", o", &c., are determined. The piano whoso vertical trace 
is e"o", at the same distance from i/'x' aa e'o', evidently deter- 
mines a point o" at the same distance from yV, as o' ; hence the 
chord o'o" is bisected by y'x', and the curve o'x'o" is symmetrical 
with the line yV. 

The distance e'o' equal to ce — me, is the difference between 
the hypothenuso re and base me of a right-angled triangle, having 
the altitude >M. As the point o' is fiu'thcr removed from x', the 
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altitude of the correspoDdicg triangle remains the same, while the 
hypothenuse and base both increase. If we denote the altitnd<i 
hy a, and the base and hypothenuse ty 6 and h respectively, wo 



from which it is evident that the difference, e'o', continually di 
minishcs as the point o' recedes from x' ; that is, the curve x'n'o 
continually approaches the lines p'm' and q'm', and will touch 
them at an infinite distance. These lines are then asymptotes to 
the curve. Art. (64). 

If, now, any element of the first generation, as the one passing 
through I, be drawn, it will intersect the element of the second 
generation, MQ, in E, and the corresponding element on tJie op- 
posite side of the circle of the goige in U. 

Since this element has but one point in common with the me- 
ridian curve, and no point of it, or of the surface, can be vertically 
projected on the right of this curve, the vertical projection uV 
must be tangent to the cnrve at i'. But since ri is equal to iu, 
r'i' must be equal fo i'u'; or the part of the tangent included 
between the asymptotes u bisected at ike paiiit of contact. This is 
a property peculiar to the hyperbola {Analyt. Geo,, Art. 164), 
and the meridian curve is therefore an hyperbola; YX being 
its transverse axisi^and the axis of the sur&ce its conjugate, Art. 
(69). If this hyperbola be revolved about its conjugate axis, it 
will generate the surface, Art. (96), and hence its name. 

This is the only warped surface of revolution. 



105. The most simple double curved surfeces of revolution are ; 

I. A spherical surface or sphere, which, may be generated by 
revolving a circumference about its diameter. 

II. An ellipsoid of revolution, or spheroid, which may be gen- 
erated by revolving an ellipse about eitter axis, ^hen the 
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eilipae is revolved about the transverse axis, tlie surfiice is a pro- 
late spheroid ; when about the conjugate axis, an oblale spheroid. 

III. A paraboloid of revolution, which may bo generated by 
revolving a parabola about its axis. 

IV, An hyperholoid of revolution of two bo^m, which maybe 
generated by revolving an hyperbola about its transverse axis. 



106, These surfaces of revolution are usually represented by 
taking the horizontal plane perpendicular- to the axis, and then 
drawing the intersection of the surface with the horizontal plane; 
or the horizontal projection of the greatest horizontal eircle of the 
surface for the horizontal projection, and then projecting on the 
vertical plane the meridian line which is parallel to that plane, 
for the vertical projection. 



107, To assume a pmnt on a surface thus represented, we first 
assume either projection, as the horizontal, and erect a perpen- 
dicular to the horizontal plane, as ia Art. (1e). Through this 
perpendicular pass a meridian plane ; it will cut from the surface 
a meridian line, which will intersect the perpendicular in the re- 
quired point or points. 

Construction. Let the Burfaee bo a prolate spheroid, Fig. 50, 
and let c he the horizontal, and e'd' the vertical projection of the 
axis, mon the honzoiital projection of its largest circle, and d moii 
the vertical projection of the meridian curve parallel to the vei 
tical piano, and letp be the issamed horizontal projection , p will 
be the horizontal, •wid sp the vertical projection of the perpi,n 
dicular toB.: ep will be the horizontal trice of the auxilnrj mc 
ridian plane. It this plane be now resolved about the axis until 
it boeomes parallel to the vertical plane, p will describe the itc 
pr, and f will bo the horizontal and ) ) the vertu-al piojection 
of the revolved position ot the perpendicuUi The merididn 
curve, in its revtlved pusition will li, ^eiticilh piojerted into its 
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equal, d'mc'n', Art. (61), and r' and /' will be the vertical pro- 
jections of the two points of intersection in their revolved position. 
When the meridian plane is revolved to its primitive position, 
these points will desciibe the arcs of horizontal circles, projected 
on H in rjj, and on V in r'p' and r"p'', and p' and p" will be the 
vertical projections of the required points of the sni-face. 



TANGENT PLANBS J 



108 A plane !S tangent to a surface when, tt has at leaU one 
point in common leith the swface, through wkwh, if any inter 
seclittd plane be passed, the ri^ht hne cut fiom the plant, udl li 
tangent to ike hne cut fiom the surface at the pmnt This point 
)3 the point of contact 

It follows fiom this definition, that the tangent plane is thf 
locvs of 0) place hi vikKh are to he found, all right hrtes tanr/eut 
to lines of the surface at the pmnt of contact, and since any t«o 
ot these right lines aie eufflcient to deteimine the tangent jlane 
we have iJio following generil rule for passing a piano tangent Ui 
any surface it agnen point Drain any two lines of the surface 
mtersecttug at the point Tanifnt to etik of them, at the lane 
point, draw a ughl hne The phne of thee two tingents m II li 
the reguved plane 



109. A right line is normal to a surface, at a point, when ;'( is 
perpendicular to the tangent plane at that point. 

A plane is normal to a surface, when it is perpendicular to the 
tangent plane at the point of contact. Since any plane passed 
through a normal line will be perpendicular to the tangent plane 
there may bo an infinite number of normal planes to a surface a 
a point, while there can be but one normal line. 
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110. The tangent plane at any point of a surface witli recti- 
linear ckiiieiita, must contain the reetilinear elements that pass 
through Ike point of contact. For the tangent to each rectilinear 
eitment is the element itself, Art, (64), and this tangent must lie 
in the tangent plane, Art. (108), 



111. A piano which contains a rectilinear element and its con- 
xeriiiive one, of a bingic curved surface, will be tangent to the sur- 
face at every point of this element, or all along the element. Fur 
if through any point of the element any intersecting plane be 
passed, it will intersect the consecutive clement in a point con- 
secutive with the first point. The right line joining these two 
points will lie in the given plane, and be tangent to tlio line cut 
from the surface, Art, (64), Hence the given plane will be tan- 
gent at the assumed point. 

This element is the element of contact. 

Conversely, if a plane be tangent to a single curved surface, it 
must, in general, contain, two consecutive rectilinear elements. For 
it" through any point of the element contained in the tangent 
plane, Art. (HO), we pass an intersecting plane, it will cut from 
the surface a line, and from the plane a right line, which will 
have two consecutive points in common. Art. (108). Through 
the point consecutive with the ast.nmcd point, draw the consec- 
utivo element to the first element ; it must lie ia the plane of 
the second point and first element, Art (70), that is, in the tan- 
gent plane. 



112. It follows from these principles, that if a plane be tangent 
to a single curved surface, and the element of contact be inter- 
sected by any other plane, the right line cut from the tangent 
plane will be tangent to the line cut from the surface. Hence, if 
the base of the surface be in the horizontal plane, the hon^mital 
trace of the tangent plane must be tangent to this base, at the point 
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Ill which the el-emetit of contact pierces the horizontal plan 
the same principle is true if the base lie in the vertical plan 



113. A plane tangent to a warped surface, although it contains 
the rectilinear element passing through the point of contact, can- 
not contain its consecutive element, and therefore can, in general, 
he tangent at no other point of the element. 



114. If a plane contain a rectilinear element of a vm-ped sur- 
face, and be not parallel to the other elemeuts, it will he tangent 
to the surface at some point of this element. For this plane will 
intersect each of the other rectilinear elements in a point; and 
these points being joined, will form a line which will intersect the 
given element. If at the point of interaoction a tangent be drawn 
to this line, it will lie in the tangent plane, Art. (108). The 
given element being its own tangent, Art. (64), also lies in the 
tangent plane. The plane of these two tangents, that is, tie in- 
tersecting plane, is therefore tangent to the surface at this point, 
Art. (108). Thus, Fig. 51, if a is an element, b, e, &c,, 6', c', &c., 
the consecutive elemeuts on each side of a, the plane through a 
will cut these elements in the curve cbab'c', which crosses the 
element a at the point a. The tangent wn at this point, and the 
element a, determine the tangent plane. It is thus seen, that, in 
general, a tangent plane to a warped surface is also an intejsecting 

If the intersecting plane be parallel to the rectilinear elements, 
there will be no curve of intersection formed as above, and the 
plane will not be tangent 



115. A plane tangent to a surface of revolution, is perpen- 
dicular to the meridian plane passing through the point of con- 
tact. For this tangent plane contains ihe tangent to the circle of 
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the surface at this poiDt, Art. (108), and this taugent is perpen- 
dicular to the radius of this circle, and also to a line drawn 
through tha point parallel to the axis, since it lies in a plane per- 
pendicular to the axis; and therefore it is perpendicular to the 
plane of these two lines, which is the meridian plane. 



lltiT d iacatgito h other when they 

t 1 t po t n mm th 1 wh ch if aiij inter- 

tgpl bp ithl tfmth surfaces will be 



t tl p t rh 11 vidently be the 
t pi t this point. 



117. If two single curved surfaces are tangent to each other, at 
a point of a common element, they will be tangent all along this 
element. For the cojnmon tangent plane will contain this element, 
and be tangent to each surface at every point of the element, 
Art. (111). 

This principle is not true with warped surfaces. 



118. But if two warped Eurlaces, having two directrices, have a 
commoti plane director, a common rectilinear element, and two com- 
jiwrt tangent planes, the po'nts of contact being on the common 
element, they will he tangent all along this element. For if 
through each of the points of contact any intersecting plane be 
passed, it will intersect the surfaces in two lines, which will have, 
besides the ^ven point of contact, a second consecutive point in 
common, Art. (108). I^ now, the common element be moved 
upon the lines cut from either surfecc, as directrices, and parallel 
to the common plane dirccter, into its consecutive position, con- 
taining these second consecutive point=, it will evidently lie in 
both surfeces, and the two surfaces will thus contain two consecu- 
tive rectilinear elements. If, now, any plane be passed, intersect- 
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ing these elements, two linea will be cut fi'oni the surfaces, having 
two consecutive points in common, and therefore tangent to cacli 
other ; hence the surfaces will he tangent all along the 
element, Art. (116). 



119. Also, if two warped surfaces, having three directrices, haue 
a common element and three common tangent planes, the points o/ 
eotttact beinff on this element, they will be tangent all along this 
element. For if through each point of contact any intersecting 
plane be passed, it will intersect the sui-facea in two linea, which, 
besides tie given point of contact, will have a second consecntive 
point in common. If the common element be moved upon the 
three lines cut from either sur&ce, as directrices, to its consecu- 
tive position, so as to contain the second consecutive points, it 
will evidently lie in both surfaces ; hence the two surfaces contain 
two consecutive rectilinear elements, and will be tangent all along 
n element. 



120 It f 11 f m th p pi n A f (114) th t th p 
) t p! f y tl 1 nt t w p 1 rf 

t g t t th if t p t If tl gh thes p t f 
tg ypjtin 1 b IwnthywUfn jl' 
1 t t th w p d f wh h m y b g led th 

projecting cylinder of the surface ; and the traces of these planes, 
or the projections of the elements, will all be tangent to the base 
of this cylinder. This is seen in the horizontal projection of tlio 
hyperboloid of revolution of one nappe. Fig. 49 ; also in both pro- 
jections of the hyperbolic paraboloid, Fig. 45. 



121. If two surfaces of revolution, havir 
tangent to each other, they will bo tangent at every point of a 
circumference of a circle, perpendicular to the axis. For if 
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tliiougii the point of contact a meridian plane bo passed, it will 
cut from the surtaces meridian lines, whicii will be tangent at this 
point, Art. (108). If these lines be revolved about tjie common 
axi?, each will generate the surface to which it belongs, while 
the point of tangency will generate a circumference comroon to 
the two surfaces, which is their line of' contact. 



■ANGKtfr PLAKE* 



122. The solution of all these problems depends mainly upon 
the principles, that a plane tangent to a single curved surface is 
taugent all along a rectilinear element, Art, (111) ; and that if 
such surface and tangent plane be intersected by any plane, the 
lines of intersection will bo tangent to each other. 



123. Problem 18. To pass a plane tangent to a cylinder at a 
ffiven point oii the surface. 

Let the cylinder be given as in Art. (75), Fig, 40, and let P be 
tl p t m d At (76) 

A ly '^ th q d jl B t tain the rectilinear 
1 t th gh tl p t d t h tal trace must be 

ta ttthb tthpth tl 1 ment pierces the 
I tal pi \ t. (112) w d w tl I ment, and at the 

pti tt tthba. tgt this will be the 

hzoti Th tit mt tthe point where 

! I m t p es th -t 1 pi d 1 the point where 

hh tita t tthg ijl A right line join- 

^ th t p t 11 b th rt I t When this ele- 

t 1 t p tl t 1 pi w th the limits of the 

1 g dath ty ttptsa line parallel to 

th 1 iz ta! t t II b I t th quired piano, and 

p th -tl 1 pi J. t f ti t 1 trace. 

ConstiiKlion. Draw the element PQ ; it pierces II at g. At 
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tbia point draw jT, tangent to mlo ; it is the required horizont^L 
trace. Through P draw PZ, parallel to jT; it pierces V at 2', 
and «'T is the vertical trace. 

mm'«' is the plane tangent to tlie surface along the element 
MN. 

124. Problem 19. To pass a plane through a given point, 
witliout the surface, tangent to « cylinder. 

Let the cylinder bo given as in the preceding problem. 

Analysis. Since the plane must contain a rectilinear element ; 
if we draw a line through the given point, parallel to the recti- 
linear elenaenta of the cylinder, it must lie in the taDgcnt plane, 
and the point in whicli it pierces the horizontal plane, will be 
one point of the horizontal trace. If through this point we draw 
a tangent to the base, it will be the required horizontal trqce. A 
line through the point of contact, parallel to the rectilinear ele- 
ments, will be the element of contact; and the vertical trace 
may be constructed as in the preceding problem ; Or a point of 
this trace may bo obtained by finding the point in which tin" 
auxiliary line pierces the vertical plane. 

Two or more tangent planes may be passed, if two or more 
tangents can be drawn to the base, from the point in which the 
auxiliary line pierces the horizontal plane. 

Let the construction be made in accordance with the above 
» Italy sis. 

125. Problem 20. To pass a plane, tangent to a cylinder, and 
parallel to a given right line. 

Let the cylinder be given as in Fig. 52, and let R8 be the 
given line. 

AncUysis. Since the reqaired plane must he parallel to the 
rectilinear elements of the cylinder, as well as to the given line ; 
if a plane be passed through this line, parallel to a rectilinear 
element, it will be parallel to the required plane, and its traces 
]>arallel to tlie required traces, Art. (10). Hence, a tangent to 
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the base, parallel to tbe horizontal trace of this auxiliary plane, 
wilt be the I'eqnired horizontal trace. The clement of conla<;l. 
and vertical trace maj' be found as in the preceding problem. 

Construction. Through ES pass the plane sTV, parallel to 
MN, as in Ait. (48). Tangent to mlo and parallel to sT', draw 
5T; it is the horizontal trace of the i-equired plane, and 'IT 
parallel to T'r' is the vertical trace. QP is the element of con- 
tacts The point e', determined as in the preceding problem, will 
aid in verifying the accuracy of tte drawing. 

When more than one tangent can be drawn parallel to sT', 
there will be more than one solution to the problem. 



]26. Phoblem 21. To pass a plane tangent to a right cylinder 
with, a circular base, having its 'axis parallel to the ground line at a 
given point on the surface. 

Let cd, Fig. 53, be the horizontal, and e'f the vei'tical projec- 
tion of the circnlar base, and GE the axis ; then hdi will be the 
horizontal, and u'e'f'h' the vertical projection of the cylinder. Let 
y be the horizontal projection of the point. To determine its 
vertical projection, at p erect a perpendicular to II, Art. (76). 
Through this pass ihe plane tTt' perpendicular to AB. It in- 
tersects the cylinder in the circumference of a circle equal to the 
base, of which M is the centre. This circumference will intertect 
the perpendicular in two points of the surface. Revolve this 
plane about (T unti! it coincides with H ; M falls at m" Art. (17). 
With m" as a centre and eg as a radins, describe the circle qsr ; it 
will be the revolved position of the circle cut from the cylinder ; 
q and r will be the revolved positions of the rec[uired points, and 
p' and p" their vertical projections, Let the plane be passed 
tangent at P. 

Analysis. Since the piano must contain a rectilinear element, 
it will be parallel to the ground line, and its traces, therefore, 
parallel to the gronnd line, Art, (9). If through the given point 
a plane be passed perpendicular to the axis, and a tangent be 
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draivu to its intersection with tlie cylindei', at tlio point, it will be 
it line of die required plane. If through the points in which this 
line pierces the planes of projection, lines be drawn parallel to the 
ground line, they will be the required traces. 

Construction. Through P pass the piano iTl', and revolve it 
its above. At q draw qx tangent to qrs ; it is the revolved posi- 
tion of the tangent When the plane is revolved to its primitive 
position, this tangent pierces H at x, and V at y', Ty' being 
equal to Ts' ; and xz and y'vi' are the required traces. 

127. Problem 22. To pass aplane tangent to a right cylinder 
with a circular iase, having its axis parallel to the g^-ound Une^ 
tkroxigh a ffivenpoinl without the surface. 

r tth yl' d b g ■ F'g 53 dl tNb the given 

! t 

A Ij S th q ■! pi m t ta eetiiinear 

I m t 1 10 t h p 11 1 1 tl a 1 If th ough the 

^ p t pi b pas d p p d 1 t th is, it wiil 

t ft th yl d f q 1 t th b e ; and if 

th hthj t t tblwtth mferonee, it 

II b I fh q dil dtht my be deter- 

d tip dgpblin 

S ttagts bd th yb two tangent 

ii 

Let th t t b m 1 d th th analysis. 



128. Problem 23, To pass a plane parallel to a given right 
line, and tangent to a right cylinder, with a circular base, with its 
axis parallel to the ground line. 

Let the cylinder be given as in Fig. 54, and let MN" be tbe 
given line. 

Analysis. Since the plane mnst be parallel f* the axis, if 
through the given line we pass a plane parallel to the axis, it will 
be patallel to the required plane, and to the ground line. 
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\, plane perpendicular to tlie ground line will cut trom tlic 
cjlindei A I, itiimfuence fioin tLe nquired tangent j,lane i tan 
gent to tbia urcumfBienci, ^it (108) and fiom the parill 1 
plane a right line parallel to the tangent If then we vox i t 
the circumleicnce and diaw to it a tangent parallel to the irte 
section ot the parallel plane this tangent will be a line oi f 1 <, i 
qniieil plane from \shich the traces may he found i^ ii tin 
piece ling problems 

Cuni>tr iction Thiongb »i -ml n dian the haebtip ti 1 j 
parallei to AB They wili be the tiacea of the piiallel phti 
-^rt (48) Let tTt be the jlane peipend ular to \B It t 
from the cylinder a circle whose centie is 0, and from the parallel 
plane a right line which pierces H at p and V at g', Art, (38). 
Revolve this plane about (T, until it coincides with H; ai/z wili 
be the revolved position of the circle, and sp that of tbe iinc cut 
from the parallel plane ; zu tangent to an/^, and parallel to sp, will 
be the revolved position of a line of the required plane, which, ia 
its true position, pierces H at m, and V at if', and uv and lo'v' are 
the ttaces of the tequired plane 

feince anothei patallel tangent can be drawn, there will be two 
solution-, 

120 Jt'boblbh 24 To pais a plane tangent to a cone, through 
a given, potni on the xui/uce. 

Let the cone be given as in Fig. 41, and let 1', iissiimed as in 
Alt (79), be the given point 

Anoiysta The leqiiiied plane must contain the rectilinear 
element, passing thiough the given point, Art. (110). If, then, 
we diaw this element, Art (79), and at the point where it 
pieices the hoiizonta! plane, diaw a tangent to the base, it will 
be the hoiizonial trace of the required plane, and points of the 
\Liti \\ trice miybe fonnd as in the similar case for the cyl- 
inder 

Let ihe constiuction be made in accordance with the anal- 
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130. Problem 25. Through a point without the surface of <i 
rone, to pass a ptane lani/ent to the cone. 

Let tlie r-onc be given as in Fig. 55, and let P be tlie given 
point. 

Analysis. Since the required plane must contain s, rectilinear 
element, it will pass tbrough the vertex ; hence, if we join the 
given point with the vertex by a, right line, it will be a line of the 
required plane, and pierce the horizontal plane in a point of the 
required horizontal trace, which may then be drawn tangent to 
the base. If the point of contact with the base be joined to the 
vertex by a right line, it will be the element of contact. The 
vertical trace may be found as in the preceding problems. 

If more than one tangent can be drawn to the base, there will 
be more than one Bolutiou. 

Gonsti-HGtion, Join P witli S, by the line PS ; it pierces II 
at u. Draw uq tangent to mio; it is the required horizontal 
trace. SQ is the element of contact whicti piei-ees V at w', and 
s'T is the vertical trace. 

ux will be the horizontal trace oV a second tangent plane 
through P. 



131, PaoBLEH 26. 7'o pass a plane tangent to a cone, and 
parallel to a given right line. 

Let the cone be given as in Fig. 55, and let NS, be the given 

Aniidysis. If through the vertex we draw a line parallel to 
the given line, it must lie in the reqi^ired plane, and pierce the 
horizontal plane in a point of the horizontal trace. Through this 
point draw a tangent to the base, it will be the required horizon- 
tal trace ; and the element of contact and vertical ti'aee may be 
found as in the preceding problem. 

When more than one tangent can be drawn to the base, there 
will be more iban one solution. 

If the parallel line through ihe vcrte\ pierces the horizonta 
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plane within tlie base, no tangunt Ciin be drawn, and tlie jiioblem 
is iiupossibJe. 

Let the construction be made in accordance with the analysis. 

13L'. Prohlem 27. Topassaplane langent to a itinffU cwveii 
surface with a helical directrix, at a given, puint. 

Let the surface be given as in Fig. 42, and let R be the given 
point, Art. (81). 

A.nalysis. The tangent plane must, in general, be tangent all 
along the rectilinear element, through the point of contact. Its 
horiaoBtal ti'ace must therefore be tangent to the base. Art. (112). 
If through the point where this element pierces the hoiizontal 
plane, a tangent be drawn to the base, it will be the required 
horizontal trace, and the vertical trace may be determined lis in 
the case of the cylinder or cone. 

Construction, The element RX pierces H at /. At thi;i 
point draw the tangent /T; it is the horizontal trace. It' is the 
vertical trace. 

To pass a plane through a given point wiilwut thii surface, 
tangent to it, wo pass a plane through the point parallel to the 
base, and draw a tangent to the curve of intersection. Art. (81), 
through the point. This tangent, with the element of the surface 
through its point of contact, wilt determine the tangent plane. 

i33. Problem 28. 2h pass a plane tangent to a single curved 
surface wilh a helical directrix, and parallel to a given right line. 
Let the surface be given as ia Fig. 42, and let MN be the 

Analysis, If with any point of the right line, as a vertex, we 
construct a cone, whose elements roalce the same angle with the 
lioriKonta! plane as the elements of the surface ; and pass a plane 
through the line tangent to this cone, it will be parallel to the 
required plane. The traces of the required plane may then be 
constructed as in Art. (125). 
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Construction. Tate a' as the vertex of the auxiliaiy cone, 
and draw n'o", making with AB an angle equal to oVT; o"cs" 
will be the base of the cone in H. -Through m draw mc tangent 
to o"cs". It will he the horizontal trace of the parallel plane, 
and t"T', parallel to it, and tangent to uvw, is the required hori- 
zontal trace. Let the pupil construct the vortical trace. 

134. It is a remariable property of this surface, -with a helical 
directriK, that anf plane passing through a reclilinear element, is 
tangent to the surface, at the point where the element intersects 
the directrix. For this plane will intersect the other elements, 
thus forming a curve, Art, {114). This curve will intersect the 
given element at the point where the element touches the direc- 
U-!X. The tangent to the curve at this point, and the element, 
both lie in the given plane ; it is therefore tangent to the suriace 
at the point, Art. (114). This plane does not, in general, contain 
the consecutive element, and is therefore not necessarily tangent 
all along the element. 

The projecting planes of all the elements are tangetit to the 
surface, and the cylinder formed by the projecting lines of the 
points of contact is therefore tangent to the surface. Art. (120). 
Its base is the circle pxq. 

It should be obsen-ed, also, that at any point on the helical di- 
rectrix, an infinite number of planes can be passed tangent to the 
surface, as at the vertex of a cone. Only one of these planes will 
contain two consecutive rectilinear elements. 



135. By an examination of the preceding problems, it will be 
seen that, with two remarkable exceptions, only one tangent plane 
ian be drawn to a single curved surface at a given point. 

That the number which can be drawn through a given point 
bvithout the surface, and tangent along an element^ will be limited. 

That the number which can be drawn parallel to a given right 
ine, and tangent along an element, is also limited. 
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That, in general, a plane cannot be passed through a givm 
right line and tangent to a single carved surface. If, however, 
the given line lies on the convex side of the surface, and is pai'- 
allel to the rectilinear elementa of a cylinder, or passes through the 
vertex of a cone, or is tangent to a line of the surface, the prob- 



pbohlems relaijkg to takgent planks to warped surfackk. 

136. Since a tangent plane to a warped surface must contain 
the rectilinear element passing through the point of contact, Art 
(110), we can at once determine one line of the tangent plane. 
A second line may then be determined, in accordance with tlie 
rule in Art. (108). 

"When the surface has two different generations by right lines, 
the plane of the two rectilinear elements passing through the 
given point will be the required plane. 



137. Problem 29. To pass a plane iangnit to a h'jperbolk. 
2>arabolmd, at a given jMint of the surface. 

Let MN and PQ, Jig. 56, bo the directrices, and MP and NQ 
any two elements of the surface, and let 0, assumed as in Art. 
(88), be the ^ven point. 

Analysis. Since throngh the given point a rectilinear elemiint 
of each generation can bo drawn, Art. (89), "we have simply to 
construct these two elements, and pass a plane through them. 
Art. (186). 

Gonstruetion. Through draw OE and OF, parallel ^espec^ 
ively to NQ and MP, These will determine a plane parallel to 
the plane directer of the first generation. Art (86). This plane 
cuts the directrix PQ in the point U, Art, (41). Join U with 
and we have an dement of the first generation. Art. (83). Ijet 
NQ and MP be taken as divectrioea of ihe second generation. 



d by Google 



ei.««imiY. n 

liirougli draw OC and OD parallel respectively to WN and 
PQ. They will determine a plane parallel to the plane directer 
of the second generation, Art (86). This plane cuts MP in W, 
and OW will be an element of the second generation, and the 
tangeet plane is determined, as in Ait. (32). 



138. Problem 30. To pass a plane tangent to an hypcrbohid 
of revolution of one nappe, at a given point of the surface. 

Lot the surface be given as in Fig. 67, and let be the given 
point. 

Analysis. Same as in the preceding problem. 

Gonstruetion. OZ is the element of tlie first generation passing 
through 0, Art. (lOO). It pierces H at )■. Draw OS, Art. (101). 
It is an element of the second generation passing through 0. 
This element pierces H at w, and wr is the horizontal trace of the 
required plane, and Tt' is its vertical trace. 

Since the meridian plane through must be perpendicular to 
the tangent plane, Art. (115), its trace ex must be perpendicular 



139. PitOBLKM 31. To pass a plane tangent to a helieoid, at a 
point of the surface. 

Let the surface be given as in Fig. 48, and !et M be the given 
point. 

Analysis. The tangent plane must contain the rectilinear el- 
ement passing through tlie given point, and also the tangent lo 
the helix at this point, Art. (108). The plane of these two lines 
will then be the required plane. 

Construction. MX is the rectilinear element through M. It 
pierces H at «; cmd is the horizontal projection of the helix 
through M. Draw the tangent to this helix at M, as in Art. 
(69). ms will be its horizontal projection ; Z the point in' which 
it pierces the horizontal plane through C, and m'z' its vertical 
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projection. This tangent pierces H at A; hence hu is the hori- 
zontal trace of the required plane, and I'T is the vertical trace. 

Since a tangent plane to the surface contains a rectilinear el- 
ement, it is evident that it cannot make & less angle with the hoc- 
izontal plane than the elements ; nor a greater angle than 90", 
the angle made by the projecting plane of any rectilinear element, 
which is tangent at the point where the element intersects the 



140. Peoblkm 32. To pass a plane tangent to a hdkoid, awl 
perpendicular to a given right line. 

Analysis. If, with any point of the axis as a vertex, we con- 
struct a cone whose rectilinear elements shall make with the hor- 
izontal plane the same angle as that made hy the rectilinear el- 
ements of the given surface, and through the veites of this cone 
pass a plane perpendicular to the given line. Art. (46), it will, if 
the problem be possible, cut from the cone two elements, each of 
which will be parallel to a rectilinear element of the helieoid, and 
have the same horizontal projection. If through either of these 
elements a plane be passed parallel to the auxiliary plane, it will 
be tangent to the surface, Art. {114}, and perpendicular to the 
given line. 

Let the problem be constrncted in accordance with the analysis. 



141, An auniliarj' surface may sometimes be nsed to a 
in passing a plane tangent to a warped surface at a given point. 
Thus, let MN and PQ, Fig. 58, be the two directrices of a warped 
surface having V for its plane director, and let be the given 
point. At the points X and T, in which the rectilinear element 
through intersects the directrices, draw a tangent to each direc- 
tris, as XZ and YU. On these tangents as directrices, move XY 
parallel to V. It will generate an hyperbolic paraboloid, Art 
(86), having, with the given surface, the common element XY, 
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and a common tangent plane at each of the points X and Y, since 
the plane of the two lines XT and XZ, and also that of XY and 
YIT, is tangent to both surfaces, Art. (108). The two surfaces ai'c 
therefore tangent all along tlio common element, XY, Art. (HS) 
If, then, at O, we piss a phne tangent to the hyperbolic parabo- 
loid, it will be also tangent to the giien surfite at the same point. 
If the given surface have three curvilineir directrices, a tangent 
may be diawn to each, at the point in ^\hich the rectilinear 
element through the given point intersects it , and then this el- 
ement may be moved on these three tangents is directrices, gen- 
erating a hjperboloid of one nippe, Art (91), which will be 
tangent to the given surlaie all along a common element, Art. 
(119) A plane tingent to this auxiliary surface at the given 
point, will also be tangent to the given suifice 



142. An infinite number of planes may, in general, be passed 
through a point without a warped surface, and tangent to it. For 
if, through the point, a system of planes bo passed intersecting 
tho surface, tangents may be drawn from the point tQ the enrves 
of intersection, and these will foi-m the surface of a cone tangent 
to the warped surface. Any plane tangent to this cone will be 
tangent to the warped surface, and pass through the point. 

Also, an infinite number of planes may, in general, be passed 
tangent to a warped surface, and parallel to a right line. For if 
the surface be intersected by a system of planes parallel to the 
line, and tangents parallel to the line be drawn to the sections, 
they will form the surface of a cylinder, tangent to the warped 
surfece. Any plane tangent to this cylinder will bo tangent to 
tho war^Kjd surfece, and parallel to the given line. 



143. To jitss a plane through a given right line, and tangen 
a scarped surface, it is only necessary to produce the line until 



d by Google 



78 UKSCKIPTIVE 

H pierces the surface, and through the point thus detorminetJ 
<Jiaw the rectilinear clement of the surface. This, with the given 
line, will determine a plane tangent to the atirface at some point 
of the element, Art. (114). 

If there be two rectilinear elements passing through this point, 
each will give a tangent plane; and the number of tangent planes 
will depend npon the number of points in which the line pierces 
the surface. If the given line be parallel to a rectilinear elemeat. 
it pierces the surface at an infinite distance, and the tangent plane 
will be determined by the two parallel lines. 



PROBLEMS RELATING ' 



144. These problems arc, in general, solved either by a direct 
application of the rule in Art (108), taking care to intersect the 
surface by planes, so as to obtain the two simplest curves of the 
surfece intersecting at the point of contact, or by means of more 
simple auxiliary surfaces tangent to the given surface. 



145. Problem 33. To pa's a jline tmjent io a i,j>ke)-e, at a 
ffiveii point. 

Let C, Fig. 59, be the centre ol the &].here , p>q its hoiizontal, 
and p's'g' its vertical projection Let M be the piint issumed, 
HS in Art {101). 

Analysis. Since the radius of the sphcri.., diawn to the point 
of contact, ia perpendicular to the tangent to any great circle at 
this point, and since these tangents ail he in the tangent plane, 
Art. (108), this radius must be ptrpendiculai to the tangtnt plane. 
We have then simply to paso a plane perpendituki to this radius 
at the given point, and it mil be the requiied plant. 

Construction. This may ht. mile 1 leUl} as in Ait (46), or 
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otherwise, thus : Through M and C pass a plang perpendiculai' 
to H; cm will be its horizontal trace. Revolve this plane about 
cm as an axis, until it coincides with II ; c"m" wil! be the re- 
volved position of the ridins, Art. (2B). At m" draw m"( per- 
pendicular to e"jn". It is the revolved position of a line of tiie 
required plane. It pierces H at t, and since the horizontal trace 
niiiat bo perpendicular to cm, Art. (43), iT is the required hori- 
zontal trace. Through M draw MN parallel to (T. It pierces V 
at n' ; and Tn', perpendicular to c'm', is the vertical trace. 



146. Problem 34. To pass a plane tangent to an ellipsoid of 
revolution, at a given point. 

Let the surface be given as in Art. (lOT), Fig. 50, and lot P be 
the point. 

Analysis. If, at the given point, we draw a tangent to the 
meridian carve of the surface, and a second tangent to the circle 
of the surface at this point, the plane of these two lines will be 
the required plane, Ail. (108). 

Constmction. Through P pass a meridian plane ; cp will be 
its horizontal trace. Eevolve this plane about the axis of the sur- 
face until it is parallel to V. E will bo tho revolved position of 
tho point of contact. At r' draw r'x' tangent to c'n'd'm'. It 
will be the vertical projection of the revolved position of a tangent 
t th m d t P ■\^ h th pi ! d 

pmt pti thpt,fwhh/ th tlpjt 
fid Ayp 11 b th t 1 p J t f th t 
gtd;jta! talpjt l\. \ Ht 

p t f th h fit f th q d pi p th 

1 t I d J th t 1 p 1 t f f tl 1 

f th f t P Ati)d i p p 1 1 t ;) 

It II h th h t 1 p J I f th t t t th 1 

1 1 1 J t rt 1 5- j t Th p V t 

p t t th tit Th gl 1 w T p li 1 to ^ 

d th gl T d T 1 11 b tl q d pi 
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147. Second method for the same probiem. 

Analysis. If the tangent to the meridian carve at P revolve 
about the axis of tbe surfaoo, it will generate 3. right cone tangent 
to the surface in a circumleience containing the given point, Art. 
;(121). If, at thi3 point, t tingent plane bo drawn to the cone, il' 
will be tangent also to the aurfai,e. 

Gonstrtcction. Draw the tangent at P, as in the preceding 
article. It pierces H at x, and tkia point, during the revolution, 
describes the base of the cone whoso vertex is at [cy'). The ele- 
ment of the cono through P pierces H at a, and xTt' is the re- 
quired plane. 

148. By tlie same methods a tangent plane may be passed to 
any surface of revolution at a given point. 

Since the tangent plane and horizontal plane are both perpen- 
dicular to the meridian plane throngh the point of contact, their 
intersection, which ia the horizontal trace, will be perpendicular 
to the meridian plane and to its horizontal trace. 

While at a given point on a double curved surface only one 
tangent plane can be passed, it may be proved as in Art. (142), 
that from a point without the surface, an infinite number of such 
planes can be passed. 

149. pROBLBM 80. To jxas a plane through a given right line 
and tangent to a sphere. 

Let the ground line pass throiigh the centre of the sphere, and 
let C, Fig. 60, be the centre, and def the circle, cut from the 
sphere by the horizontal plane, and let MN" be the given line. 

Analysis. If we taie any point of the given line as the vortex 
of a right cone, tangent to the sphere, and pass a plane through 
the line tangent to this cone, it will be. tangent also to the sphere. 

Construction. Take ni as the vertex of the auxiliary cone, and 
draw the tangents md and me, and the right line tnQ. The tan- 
gents will be the two I'ectilinear elements of the cone in the hori- 
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Eontal plane, and bjC will be its 31 s Smce the 1 ne of contact 
of the two surfaces is a ciicumfcrence, whosu plino i-. perpendic- 
ular to mG, Art (121), (his plane will be perpendiculii to H, and 
de Will be its hor zontal trace This circumteronct, maj be ru 
gar led as the base ot the cone, and, if no find the point in 
whi(,h itb jl^ne IS pierce 1 by UN, and draw liom thit. point n 
tangent t the base it w 11 be t line of the leqiiiiLil plan^ Art 
(112) sthspont Art (15) If the plaiinjf the base bt 
revolved abo it de as an iii« until it coincides with H iviU 
fall at o o o be ng equal to j A t (ll) Tl I f 

tact will tale the pos t n I'p / h t d t D 

op t \ ill be the reiol d p t t tl t L It p 
II at t one point of th h nt 1 t a MN p H t 

1 ence tt is the requir d h nt. 1 tra MN i \ tn 

a point of the vertical t a A nd p t ( , may he deter- 
mitiod as in Art. (123), a 1 w i th tit ace. When the 
plane of the circle of c nt t n t t p tion, p" is hori- 
zontally projected at _p, and vertically at p', p'r being equal to 
jip" ; hence, CPwill be the radius passing through P. Since the 
tangent piano must be perpendicular to this radius, Cp and Op' 
must be respectively perpendicular to tm and I'n'. 

Since a second tangent can be drawn from O to the base of 
the cone, another tangent plane may be constructed. 



160. ISecoiid method for tho same problem. 

L t th ph d th ght 1 MN b g F 

A aly If y t p ts f th 1 b t t 

IS tl t f t t t th 1 1 h 

1> t g t tl mf t 1 1 tl pla 

Ll I w 11 t fc ght I wh h 11 p 

f f t! ph t tl t t f th mf 

d tl w p t II ho t tl tl f 

:1 I th f tl 1 t 1 th 1 I 
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Conatruotion. Take tte points vi and n' aa tlie vertices of the 
two aiixiliaiy cones ; de is the horizontai projection of the circle 
of contact of the firat cone with the sphere, and fg is the vertical 
r J t f tl 1 f t t f th d 1 pi 

A t U5) Th jl f th t I t t h 

I f h h li til h tal d /<; th t al ] j t 

V t (1 ) d th 1 p H t N w 1 tl 1 

thhi thdmt htt^as stlt 

d th H It f k th p t d A y p t f th 1 

f^d fy) P fjl t d dlb til 1 dp t 

th 1 ft t f th t pi d J a d / w I! 

b th 1 d p t t tl t p t wh h t p 

h f f th ph Aft th t I t th 

\ t h tlly p j t d t p d g 1 t lly t jj 

and q'. CP is the radius of the sphere at P. The traces (T, and 
t'n', of the plane tangent at P, may now be drawn as in the pre- 
ceding article ; or by drawing mt perpendicular to Gp, and n't' 
perpendicular to Cp', Art, (43). A second tangent plane at Q 
may be determined in the same way. 



151. Third tl d i th m p bl m 
Let C, Fig. 02 b th t i // tl L t 1 <! ikf 

the vertical p j ti f th jh d i t MN 1 th y 

Analysis. Co th ph t b m bdly jl 

der of revolut wh p 11 1 to th 1 Th 

line of contact wllbth mf fgt Ipp 

dicnlar to the Iff 1 V t (121) A pi tl gh 

the right line ta ^ tt th jl 1 11 b t t 1 t th 

sphere. The pi t th If t t 11 t t t! 

given line in p t d tl q 1 t g t pi ght 

line drawn from th p t t. t t th I Th pi f 

this tangent a d th g 1 II b th q d pi W ih 

out construct g th 1 d I th mplj t f 
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plane through the centre of the sphere perpendiculav to the given 
Hue, and from the point in which it intersects the line, to draw a 
tangent to the circle cut from the aphei>e by the same plane, and 
pass a plane throagh this tangent and the given line. 

Construction. Through C draw the two lines CP and CQ, as 
in Art. (46). The plane of these two lines is perpendicular to 
MN, and intersects it iii O, Art (41) The horizontal trace or 
tliia plane may now be deti,rminod as in Art. (46), and the piane 
revolved about this trace until it coincides with H, and the re- 
volved position of the point and circle be found, and the tangent 

Otherwise thus; Eeiol^e this plane about CP, until it becomes 
parallel to H. The point 0, in its revolved position, will be hoii- 
KOntally projected at r, and the circle will be hoiizontaljy pro- 
jected in def, Art. (62). From r draw the two tangents rk and 
li. They will he the horizontal projections of the revolved po- 
sitions of the two tangents to the great circle, cut from tho sphere 
by the perpendicular plane, and k and I will be the horizontal 
projections of the revolved positions of the two points of contact 
of the required tangent plane. After the counter-revolution, R 
will be horizontally projected at o; and since X i-emains fixed, oy 
will be the hoi'izontal, and o'y' the vertical projection of the first 
tangent, and Y its point of contacL 

Since the second tangent does not intersect PC within the 
limits of the drawing, draw the ausiliarj line gj>, and find the 
true horizontal projection of the point which in revolved position 
is horizontally projected in g, as in Art. (37). It will be at </", 
and og" will he the horizontal projection of the second tangent, 
and s the horizontal projection of the second point of contact. 
S is the point in which this tangent intersects CQ, o's' is its verti- 
cal projection, and Z is the second point of contact. A plane 
through MN, and each of these points wilt bo tangent to tho 
■ph.,e. 
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152. Prodlbm 36. Topassaplane through a given right line 
and tangent to any iurfaee of revolution. 

Let tlio horizontal plane be taken perpendicular to the axJK, of 
which c, Fig. 63, is the horizontal, and c'd' the vertical projection. 
Let J305 ho tlie intersection of tho surface bj the horizontal plane, 
p'd'q' the vertical projection of the meridian curve parallel to the 
vertical plane, and MN the given line 

Analysis. If this line levohe about the axis of the surfaot, it 
will generate a Iiyperboloid of revolution of one nappe, Art (99), 
having the same ixis as the guen surfice If we now concuive 
tlie plane to be pissed tangent to the suifico, it wjH also bi tan 
gent to the h}peil:oloid at a point of the given right hne, 4it 
(114) ; and since the raendian plane through the point of contict 
on each surface must be peipcndiculai to the common tangent 
plane, Art. (115) these meniian planes must iorm one ind the 
same plane. This plane will cut fiom the given surface i me 
ridian curve, fiom tho hjperboloid an hvpeiboli, Art (104), and 
from the tangent plane a right line tangent to these cuives at the 
tequ red points of contact Art. (lOS) The plane of this tangent 
^nd the given hne will theietore be the rtqu re 1 plane 

Consli mtion Construct the hyperboloil as in Art {09). ex 
will bo the horizontal and xjx the veitical projection of one 
branch of the meiidnn curve parallel U> Y If the meridian 
plane through the required points of contact be resolved about 
the common avia until it becomes parallel to Y the corresponding 
m end lan curves will be projected one into the curve ^rfy, and 
the other into the hyperbola a t/ x Tangent to these curves 
draw £i \ will be the levolved po&ition of the point of con- 
tict on tho hvpeil ola, and R that on the mondias curve of the 
guen sui'face When the meiidnn plane is revolved to its true 
losition, iwill ho horizontally projected in n n at s ic will be 
the horizontal trace of tho mendian phne, and ti w II be the 
Iionzonldl and u tho vertical projoetion of the point ot contact 
on the given suifaco A pline through this pomt and MN will 
be the tangent plane 
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153. In general, through a given right line a limited number 
of pianos only can bo passed tangent to a double curved surface. 
For iet tlie suifaco be intersected by a system of planes parallel 
to the given line, and tangents be drawn to the sections also 
jiai-allel to the line. These will form a cylinder tangent to the 
Muface. Any plane through the right line tangent to this cylin- 
der will be tangent to tbe surface; and the number of tangent 
])lanes will be determined by the number of langonts which can 
be drawn from a point of the given hne to a section made by a 
plane through this point. 



POINTS IN WHICH sunrACEs are pjerced by lihes, 

154. The points in which a light line pierces a surface are 
easily found by passing through the line any plane intersecting 
the surface. It will cut from the surface a line, which will inter- 
sect the given line in the required points. This auxiliary plane 
should be BO chosen as to intersect the surface in the simplest line 
possible. 

If the given surface be a cylinder, a plane through the right 
line parallel to the rectilinear elements should be used. It will 
intellect the cylinder in one or more rectilinear elements, which 
will intersect the given line in the required points. 

If the given surface be a cone, the auxiliary plane sliould pass 
through the vertex. 

If a sphere, the auxiliary plane should pass through the centre, 
as the line of intersection will be a circumference with a radius 
equal to that of the sphere. 



155. If the given lino be a curve of single curvature, its plane 
will intersect the snrfece, if at all, in a line which will contain the 
required points. If the plane does not int«rsect the surface, or if 
tiie line of intersection does not intersect, or is not tangent fo the 
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given curve, there will, of course, be no points common to the 
curve and surface. 

If the given line be s, curve of double curvature, a cylinder or 
cone may be passed through it intei'socting the given surface, 11' 
the line of intersection intersects the given line, the points thus 
determined will be the required points. 

These problems will be easily solved when the more general 
problem of finding the intersection of surfaces has been discussed. 



INTERSECTION OF SURFACES BY PLABES. 
SINQLB CUaVBD I 



156. The solution of the problem of the intersection of sur- 
faces consists in finding two lines, one on each surface, which in- 
tersect. The points of intersection wiil be points in botJi surfaces, 
and therefore points of their line of intersection. 



167. To jiiid the intersection of a plane mth a surface, we 
intersect the piane and surface by a system of auxiliary plants. 
Each plane will cut from the given plane a right line, and from 
the surface a line, ike intersection of which will be points of Ike 
required line. The system of auxiliary planes should be so chosen 
as to cut from the surface the simplest lines; a rectilinear ele- 
ment, if possible, or the circumference of a circle, &c. 

The curve of interaection may be drawn with greater accuracy 
by determining at each of the points thug found a tangent. to 
the curve, and then drawing the projections of Uie curve tangent 
to the projections of these tangents. Art. (65), 

This tangent must lie in the intersecting plane, that is, in the 
plane of the curve, Art. (84). It must also lie in tlie tangent 
plane to the aurface at the given point, Art. (108). Hence, ;/ 
ive pass a plane tangmt to the piveit surface at the given point, and 
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deterimne its inlersectio7i with the iiilersectinff plane ; this mil be 
the required langmt. 



158. Since tha tangent plane to a single curved surfaoe in 
geiicial contains two consecativo rectilinear elements, Art. (Ill), 
it will contain the elementary portion of the surface generated 
lij" tbe generatrix in moving from the first clement to the second. 
Now if the surface be rolled over until the consecutive element 
following the second comes into the tangent plane, the portion of 
the plane limited bj tlie first and third elements will equal the 
portion of the surface limited by the same elements. If we coii' 
tinue to roll the surface on the tangent plane until any following 
element cornea into it, the portion of the plane included between 
this element and the first will be equal to the portion of the sur- 
face limited by the same elements. Therefore if a &iiigle curved 
surface be rolled over on any one of its tangent planes until each 
of its rectilinear elements haa come into this plane, t?ie jMriion of 
tlie plane thus touched by the svrfaee, and limited hy the extreme 
elements, will be a plane surface equal to the given surface, and jb 
the development of the surface. 

As a tangent piano to a warped surtace cannot contain two 
consecutive rectilinear elements, Art. (113), the elementary sur- 
face limitfcd by these two elements cannot be brought into a plane 
without breaiing the continuity of the surface. A warped sur- 
face, therefore, cannot be deiieloped. 

Neither can a doulile curved surface be developed ; as any ele- 
mentary portion of the surface will be limited by two curves, and 
cannot be brought into a plane without breaking the continuity of 
the surface. 



150. In order to determine the position of the difierent recti- 
linear elements of a single curved surface, as they come into the 
tangent plane, or plane of devel<yp7nent, it will always be necessary 
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to find some curve Tipoii llie surface whkli will develop into a 
right line, or circle, or some simple known curve, upon which the 
rectified distances between these elements can be laid off. 



16U Pkoelem uJ To jind the inknectwii of a iiqht ci/liiider 
ititk a utcular base by a plane 

Let mlo, Fig (64) be the h-me of the cylinder, and e the bori 
zontal and c'd the veitii.al projection of the axi-*, then mh «iil 
be the hoiizontil, ind s'™ o u the vertical projection tf the 
cjlmder, Art (7a) Let tTt be the intersecting phne 

Analysis Intersect the cylinder and p'ane bv *» '.jstem ot 
auxiliary pi mes parallel to the imi, and also to the horizontal 
trace of the given phne These will cut from the cylinder lecti 
linear element'', and from the plane nght linos jaiallel to the 
horizontal tia e Ihe intersection ot these lines ivill be points 
of the required curve, Art (157) 

This curve, as also the intersection of anj cylinder or cone 
with a circular or an elliptical base, by a plane mtting all the 
rectilinear elements, i? an eliipso Anali/l Geo Art'' (83 and 
200). 

ConitrucUon Draw ry parallel to (T, it will bo the boiizon- 
tal tiace of one of the auxiliary planes, yi/ is its vertical trace 
It intersects the cylinder m two clement-, one of which pierces 
II at r, and the other at -, and t x and z z aie their vertical 
projection'! It intersLCts the plane in the ng! t line XT, Art 
(38), and X and Z, the intersections of this lino with the two 
elements, are points of the curve In the same way any number 
of points may be found 

It a point of tho curve ou any particular element be required, 
we have simply to pass an auxiliary plane through this element. 
Ihus, to construct the point on (o, o w ), diaw the tiace on and 
construct ai aboio tho pDint 

Since thib point he? on tho cune, and al'io on the extreme 
element^ and since no punt of the cuive can be vertically pro- 
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jocted outside of o"u\ the vei'tical projection of the curve must 
be tangent to o"m' at-o'. Or, the reason may be given thus, in 
many Uke cases: If a tangent be drawn to the curve at O, it will 
lie in the tangent plane to the surface at 0, Art. (108) ; and since 
this tangent plane is perpendicular to the vertical plane, the tan- 
gent will he vertically projected info its f,race o"((', which must 
therefore be tangent to mlo'V at o', Art. (65). Also, w"s' must 
he tangent to m'o'V at m'. 

If a plane be passed through the a\is perpendicular to the \\\- 
t^ersecting plane, it will evidently cut from the plane a right line, 
which will bisect all the chorda of the curve perpendicular to it, 
and this line will be the transverse axis of the ellipse, U is the 
horizontal trace of such a plane. It cuts the given plane in KG, 
Art. (38), and the cylinder in two elements horizontally projected 
at h and I, and KL is the transverse axis, and K and L the vci'- 
ticea of the ellipse. K is the lowest, and L the highest point of 
the curve. 

Since tte curve lies on the surface of the cylinder, its hori- 
zontal projection will be in the base mio. 

To draw a tangent to the curve at any point, as X ; draw xr 
tagntt I tx t th horizontal trace of a tangent plane to 
th 3]nd at \ A t (1''3}. This plane intersects tit' in a 
{jltla hhp Htr; and since X is also a point of 

th nt -a t n KX II b the lequired tangent, Art. (IS'!). If 
a t g t b d wn t a 1 of the points determined as above, 
tl p J t n f tl can be drawn, with great accuracy, 

tagttthpjtn f these tangents, at the projections of 
th p ta t ta n y 

The pait of the c MXO, between the points M and O, lies 
in front of the extreme elements {m, m"s') and (o, o'V), and i 
seen, and therefore m'x'o' is drawn full, and m'l'o' broken. 

To represent tlte curve in Us true dimensions let its plane bo re- 
volved about ;T until it coincides with H. The revolved position 
of each point, as X, at x'", will be determined as in Art. (17), 
A'" and /'" will be the revolved position of the vertices, rx^" will 
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ln! the revolved position of tbo tangent, and l"'x"'k"' the ellipee 
in its true size. 



IC!, Problem 38. To develop a right cylinder viitk a circalur 
hnse, and trace upon the development the curve of intersection of Ilit 
cylinder by an oblique plane. 

Lot the cylinder and curve be given as in the preceding prob- 
lem, and Jet the plane of development be the tangent plane at L. 

Analysis. Since the plane of the base ia perpendicular to the 
clement of contact of the tangent plane, it is evident that as the 
cylinder is rolled out on this plane, this base will develop into :i 
right line on vh eh ve can lay off the rectified distances between 
the several oleraent. ^nd then draw them each parallel to the 
element of contact 

Points of ti e de elopment of the curve are found hy laying 
off on tl e development of each element, from the point where it 
inects the rect fiod base a distance equal to the distance of the 
point from the bas 

Gonstr t ox Ti e plane of development being coincident 
with the plane of the paper, let ^L, Fig, 65, be the element of 
contact. Draw II perpondicnlar to Ih, and lay off U equal to the 
rectified circumference lin--k--l, Fig. 64. It will be the develop- 
ment of the base. Lay off Iw equal to the nrc ho, and draw wW 
parallel to IL. It is the development of the element which 
pierces H at w. Likewise for each of the elements lay off' le^, 
zm, tfec, eqnal respectively to the rectified arcs ws, zm., &c., in 
Fig. 64, and draw zZ, wiW, &c. The portion of the plane inchided 
between /L and Ih will be the development of the cylinder. 

On 111 lay off Ih = l"l',\j will be one point of the developed 
curve ; on miW lay off loW = «'"«'', W will be a second point : 
and thus each point may be determined, and L--K--L will he 
the developed curve. The line rx, the sub-tangent, will take tlie 
position rx on the developed base, and X)' will he the tangent at 
X in the plane of development. This must be tangent at X, 



dbyGoogle 



DESCRIPTIVE GEOMETRY. 



since the tangent after dovclopment must contain the same two 
consecutive points which it contains in space, and therefore be 
tangent to the development of the curve, Art. (64). 



1Q2. Problem 3D. To find t!ie intersection of an oblique cylin- 
ier by a plane. 

Let the cylinder be given as in Fig. 66, and let tTt', perpen- 
dicular to the rectilinear elements, be the intersecting plane. 

Analysis. Intersect the cylinder and plane by a system of 
auxiliary planes parallel to tie rectilinear elements, and perpen- 
dicular to the horizontal plane. These planes will each intersect 
tlio cylinder in two rectilinear elements, and the plane in a right 
line, the intersection of which will be points of the curve. 

■Constniction. Let eq, parallel to ^4, be the horizontal trace of 
an auxiliary plane ; qq' will be its vertical trace. It intersects the 
cylinder in two elements, one of which pierces H at r, the other 
at s, and these are vertically projectea in T'g' and s'h', and hori- 
zontally in eq. It intersects JTi' in a right line, which pierces H 
at e, and is vertically projected in e'q', and horizontally in eq. 
These lines intersect in Z and Y, Art. (23), points of the curve. 
In the same way any number of points xas,y be deteriniuod. 

The auxiliary planes, being parallel, must intersect tTt' in 
parallel lines, the vertical projections of which ivili bo parallel 
to e'q'. 

By the plane, whoso horizontal trace is mn, the points U and 
X are determined. The vertical projection of the curve must be 
tangent to m'n' at m'. The points in which the horizontal pro- 
jection is tangent to U and i/', are determined by using these 
lines as the traces of auxiliary planes. 

To draw a tangent to the curve at any point, aa X, pass a plane 
tangent to the cylinder at X; av is its horizontal trace, and vx the 
horizontal, and v'x' the vertical projection of the tangent 

A safGcient nnmber of points and tangents being thus deter- 
mined, the projections of the curve can be drawn with accuracy 
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Tbe part eyd, is full, beiDg the horizontal projection of that part 
of the curve which lies above the extreme elements LI and KF. 
For a similar reason, u'x'w' is full. 

To show the curve in its true dimensions, revolve the plane 
about (T until it coincides with H. The revolved position of edch 
point may be found as in Art. (If), and c"y"d"z" will bo the 
oui've in its true size. 

The section thus made is a right seclion. 



163, If it he required to develop Ike cylinder on a tangent plane 
along any element, as KF, we first mate a right section as above. 
We know tkis will develop into a right line perpendicular to KF. 
On this we lay off the rectified arcs of Ihe section included be- 
tweea the several elements, and then draw these elements paral- 
lel to KF. 

The developed base, or any curve on the surface, may be traced 
on the plane of development by laying off on each element, from 
the developed position of the point where it intersects the right 
section, tbe distance from this point to the point where the ele- 
ment intersects the base or curve. A line through the extremities 
of these distances will be the required development. 



164. Problem 40. To find the intersection of a right cone with 
a circular base by a plane. 

Let the cone be given as in Fig. 67, and let tTt' be the given 
plane, the vertical plane being assumed perpendicular to it. 

Analysis. Intersect the cone by a system of planes through 
the vertex and perpendicular to the vertical plane. The elements 
cut from the cone by each plane. Art. (1S7), will intersect the 
right line cut from the given plane in points of the requited 
curve. 

Constrmtion. Let /* be the horizontal trace of (in auxiliary 
plane, ks' will be its vertical trace. It intersects the cone in two 
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e of which pierces H in I, and the other in i, hori- 
zontally projected in Is and is respectively.' It intersects the 
given plane in a right line perpendicular to V, vertically projected 
lit a'', and horizontally in xv ; hence a; and v are the horizontal 
projections of two points of the curve, both vertically projected at 
x'. In the same way any number of points can be found, as Y 
(w>/), &c. 

The plane whose horiaontal trace is mo, perpendicular to iTt', 
intersects it in a right line vertically projected in Ti', which evi- 
dently bisects all chords of the curve perpendicular to it, and is 
therefore an axis of the curve. This plane cuts from the cone 
the eleraenfs 8M and SO, which are intersected by the axis in the 
points Z and TJ, which are the vertices. 

To draw a tangent to the curve at any point, as X, pass a plane 
tangent to the cone at X, Ir is its horizontal trace. It intersects 
(Ti' in {rx, T.t'), which is therefore the required tangent, Ai-t 
(157). The hoiizontal projection, ux2v, can now be drawn, u'z' 
is its vertical projection. 

To represent the curve in its true dimensions, we may revolve it 
about (T until it coincides with B, or about Ti' until it coincides 
with V, and determine it as in Art (17) Otherwise, thus : lie- 
( olve it ibout UZ until its plane becomes parallel to V, it will then 
be vertically projected in its true dimensions. Art (62). The 
points TJ and Z being in the ■K\i% will be projected at u' and £' 
respectively X will be lertically projected at x", x'x" being 
equal to pa: Y &ti/ ,y J/ being equal to qy (<"?') at w", &c., 
and u'x"b'z'" will be the curve in its true size. 



165. If a right cone, with a circular base, be intersected by a 
plane, as in Fig. 67, making a less angle with the plane of the 
base than the elements do, the curve of intersection is an ellipse 
Analyt. Geo., Art. (82.) If it make the same angle, or is pamlle 
to one of the elements, the curve is a parabola. If it »nake 



dbyGoogle 



DKSCKirTIVE QtOMETRT. 



yreater angle, the curve is are hyperloh. Hence these three 
i^iu'^es ave known by the general nnmc, cmiic sections. 



166. PiioBLBM 41. To develop a right cvne with a circular 

L t th d ts t t bj 111 q j.] b g 

th p 1 p bl m r 07 1 1 ttl pi td 1 p- 

t b th U g t pi al g th I m t MS tl h If f tl 
fr t b g 11 d t tl 1 tt d th th 1 If t th 

It 

A aly S th b t th y h q !1 

d ta t 1 m th t as th II d t h p t f 

IbaewUb til f f Id bdwl 

tl t t d Iqltothltfth 

t t J p t f th b By 1 y g ff th 

1 th ttid fthb tlbt y 

t 1 t d d t 1 f 1 t m t t tl 

t w h th pi t d I 1 t. th p t f 

tl Imt Ly fl tlpp I tstldta 

1 th te t th 1 ff t p t f th f t ee 

t d t-a th 1 th t m t s, L th 

d 1 jm t t th t t rs t 

Construction. With 8M — s'm', Yigs. 61 and 68, describe the 
ai-c OMO. It is the development of the base. Lay off MG = 
nil/, and draw SG; it ia the developed position of the elemeut SG. 
Ill the same way lay off GL = gl, LO = lo, and draw 8L and 
SO, OSM is the development of one-half tbe cone. In like 
manner the other half may be developed. 

On 8M lay off SZ =s'z'. Z will be the position of the point Z 
in the plane of development. To obtain the true distance from 
S to Y, revolve SY about the axis of the cone until it becomes 
parallel to V, as in Art (28) ; s'e' will be its true length. On SG 
lay off SY = s'e' ; on SL, SX :=^ s'd' ; on 8M, SU ^ s'u". Z, Y, X, 
und TJ will be the position of these points on the plane of 
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development, and "U'X---'U wili be tLe development of the 
curve of intersection. 

Through L draw LR perpendicular to LS, and make it equal to 
Ir. RX will be the developed tangent. 



16" Problem 42 To jind the iil' ■<eciion. of my cone by a 
pUne 

Let the cone and plwe (fC be given as m Fig bB 

Anaiyits Intersect the cone by a system (f jhuLS through 
the vertex and perpendn,alai to the hon/ontal plane Each of 
these planes will interaect the cone in one or more lect I near 
elements, and the given plane m a right line the inteisection ot 
which will be points of the cur\e Since these luxilury pl'mi.s 
ire peipendicuhi to the horizoi til pline they will intersect in a 
rij[ht line tlioigh the vertex, perpendiculat to the honzonta! 
[.lane, and the point in ■which this hne pieiies the cutting phnc 
will be a point common to all the right 1 nes tut from this plane 

Constiuchon Find the point m which the pcipendiculir to 
11, through S, pierces fit , as in Art. (42) a la its vert cal pro 
jection. The vertical piojections of the lines cut from tTt all 
pass through this point. 

Let sp be the horizontal trace of an auxiliary plane. It inter- 
sects the cone in the elements SE and 8D, and the cutting plane 
in the right liue {ps, p'v'). This lino intersects the elements in 
R and Y, which are points of the required curve. In the same 
way any number of points may be found. 

To find the point of the carve on any particular eiemont, as 
SM, we pa^ an auxiliary piano through this element, sm is its 
horizontal trace, and Z and X the two points on this clement. 
The vertical projection of the curve is tangent to s'm' at e', and 
to s'o' at m'. The points q and w, in which the horizontal pro- 
jection is tangent to si and sn, are found by using as auxiliary 
planes the two planes whose traces are si and m. 

To draw a tangmi to the curve at any point, as X, pass a plane 
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tangent to the cone at X. ic is its horizontal trace, Art (120). 
It intersects (Ti' in cX, "hich is therefore the reqnired tangent, 
Art. (157). 

The part of the turve wiiioh lies above the two extreme ele- 
ments SL and 8N, is seen, and therefore its projection, wt/z//, ii- 
fuil. For a similar reason the projection, z'q'x'u', of that part of 
the curve ■which lies in front of the two estreme elements, SM 
and SO, is full. 

To ^hmo ike curve in iU irtie dimensions, revolve the plane 
about (T until it coincides with II, and determine each point, as 
Q at q", as in Art. (17). Or the position of (sv') may ho found 
at «". Then if the points c, a, b, p, &:c^ be each jomcd with this 
lioint bj right lines, we have the revolved positions of the lines 
cut from the given plane by the auxiliary planes, and the points 
I/", k", r", x", in ■which these lines are intersected by the perpun- 
dicnlars to the axis, yy", ~t", &c., are points of the revolved po- 
sition of the curve. ts"c is the revolved position of the tangent. 



\b^ The intersection of the single cnrved surface, with a 
helical direetcix, by a plane, may be found by intersecting by a 
system of attxihary planes tangent to the projecting cylmdei oi 
the helical directnY These mteriect the surface in rectdmeat 
element'', and the plane in right lines, the intersection of which 
will be pomts ot the required cur^e. 



169. Problem 43. To find the intersection of any surface of 
revolution by a plane. 

Let the surface be a hyperboloid of revolution of one nappe,_ 
given as in Fig. VO, and let iTi' be the cutting plane. 

Analysis. If a meridian plane be passed perpendicular to the 
cutting plane, it will intersect it in a right line, which will divide 
the curve symmetrically, and be an axis. If the points in ■which 
t.liis line pierces the surface be found, these will be the vertices of 
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the curve. Now JDtersect hy a system of planes perpendicular to 
the axis of the surface; each place will cut from the surface a cir- 
cumference and from the given place a right line, the intersection 
of which will be points of the required curve. 

Construction. !Draw en perpendicular to (T, it will be the hori- 
zontal trace of the auxiliary meridian plane. This piano intei*- 
socts.ffi' in the right Hue NC, Art (38), and the surface in a 
meiidian curve which is intersected by NC in the two vertices of 
the required curve ; or in its highest and lowest points. 

To find these points, revolve the meridian plane about the axis 
until it becomes parallel to V. The meridian carve will be verti- 
cally projected into the hyperbola, which limits the vertical pio- 
jection of the surface, Art. (62), and the line NC into d'c'. Tlie 
points s' and )■' will be the vertical projections of the revolved po- 
sitions of the vertices. After the counterrevolution, these points are 
horizontally projected at k and I, and vertically at k' and I'. 

Let u'z' be the vertical trace of an auxiliary plane perpendicular 
to the axis. It ents the surface in a circle horizontally projected 
in wuz, and the plane in a right line, which piercing V at e' is 
horizontally projected in ez ; hence TJ and Z are points of the 
curve. In the same way any number of points may he deter- 
mined. 

The points o' and v', in which the vertical projection of the 
curve is tangent to the hyperbola which limits tlie projection of 
the surface, are the vertical projections of the points in which the 
line, cut out of the given plane by the meridian plane parallel to 
the vertical plane, intersects the meridian curve cut out by the 

The points upon any particular circle may be determined by 
nsing the plane of this circle as an auxiliary plane. If the curve 
ci-osses the circle of the gorge, the points in which it crosses are 
determined by using the plane of this circle, and, in this case, the 
horizontal projection of the curve must be tangent to the horizon- 
lal .projection of the circle of the gorge, at the points a: and y. 

The method given above for determining the vertices of the 
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curve is applicable to any surface of revolution. In tbis particular 
surface it tna)' be modified thus : Let the line NL revolve about 
the axis ; it will generate a cone of revolution whose base is dni, 
and vertex C. This cone intersects the hyperboloid in two cir- 
cumferences, Art. (97), and tie points in which NL intersects 
these circumferences will be the points required. 

To construct them ; through any rectilinear eleraeiit of the 
iiyperbolojd, aa MQ, and tlie vertex of the cone, pass a plane; q/ 
will be its honzonla! trace, Art, {33). It intersects the cone in 
two elements horizontally projected in ci and eg, and the points a 
and b are points in the horizontal projections of the circles in 
which the hyperboloid and cone intersect, and K and L are the 
required vertices. 

To draw a tangent to ike curve at Z, pass a plane tangent to the 
surface at Z, as in Art. (138); its intersection with (T(' will be the 
tangent, Art. (1 67). 

The curve may he represented in its true dimensions as in Art. 
(162). 

Let the intersection of an oblique plane with a sphere, an ellip- 
soid of revolution and paraboloid of revolution, be constructed in 
accordance with the principles of the preceding problem. 



170. To find the intersection of any warped surface with ii 
plane directer, by an oblique plane, intersect by planes parallel to 
the plane directer. Each will cut from the surface one or more 
rectilinear elements, and from the plane a right line, the intersec- 
tion of which will be points of the required curve. 

171. To find the intersection of a helicoid bj/ a plane, the sur- 
face being given as in Art. (92); intei-sect by a system of auxiliary 
planes through the axis. These will cut from the surface recti- 
linear elements, and from the plane right lines, the intersection of 
which will be points of the required curve. 
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Let the construction be made, and the curve and its tangeut 
rue dimensions. 



INTERSECTIOK OF CURVE! 

172 Tojind the mte) techon of any two curied surfaces, we in 
tersect them by a fyi/CM of auxiliary swrfucei Each ausiliary 
KurfacG will cut from the given suifacea hues the inteisemon of 
which will be points of the required line Ait. (156) 

The system of ausiliary aurfices bhould be so ciioseii v to cut 
from the given surlaces the simplest lines, lectilineai ckm^i ts il 
possible, or the cucnmlerences of circles, &i. 

To draw a tangent to flit cvive of tnter^ertion at 'my pomt, pa^s 
a plane tangent to eath surface at this point Thi inter sec ttmi of 
these two planes irdl he the itqutied tonj^en/, since it must he m 
each of the tangent planes. Ait (10*^) 

In 1 oiiitructing this cur>e of intersection, great caie hhould bo 
taken to detirmme those points m which its projections are tan 
gent to the limiting lines ot the projections of the suifaces and 
also those points in which the cmso itself is tingpnt to othei liuof 
of either surtaie, li these points iid much in diiwing the curvi 
with ac<.uia<.j 



173. pKon(.E« 44. To find the intersection of a cylinder ami 

Let the surfaces be given as in Fig. 71 ; the base of the cylin- 
der bai being in the horizontal plane, and its rectilinear elements 
parallel to the vertical plane; the base of ihe cone m'l'o', in the 
vertical plane, and S its vertex. 

Analysis. Intersect the two surfaces by a system of auxiliary 
plailes passing through the vertex of the cone and parallel to the 
rectilinear elements of the cylinder. Each plane will intcreect cauli 
of the surihces in two rectilinciir elements, the intersection of uhich 
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will be points of the required cui-ve. These planes will intersect 
in a right line passing through the vertex of the cone and parallel 
to the rectilinear elements of the cylinder, and the point, in which 
this line pierces the horizontal plane, will ha a point commonto 
the horizontal traces of all the auxiliary planes. 

Construction. Through S draw ST parallel to BE. It pierces 
II in I. Through ( draw any right line, as 'A ; it may he takun as 
the horizontal trace of an ausillary plane, the vertica! trace of which 
is kff' parallel to b'e'. This plane intei'sects the cylindei- in two 
elements which pierce H at ^ and i, and are horizontally projecto<i 
in ffr/" and ii". The same plane intersects the cone in two ele- 
ments which pierce V in m' and »', and are horizontally pro- 
jected in ftis and ns. These elements intersect in the points X, Y, 
Z and U, which are points of the required curve. In the same 
way any number of points may be determined. 

The horizontal projection of the required curve is tangent to 
ms at the points x and y ; since «is is the horizontal projection of 
one of the extreme elements of the cone. The points of tangency 
on si may bo determined by using an auxiliary plane, which shall 
contain the element SL. 

The points of tangency on dw are obtained in the same way, by 
using the plane whose horizontal trace is td. 

The points in which the vertical projection of the cui-vc is tan- 
gent to the vertical pi'ojections of the extreme elements of both 
cone and cylinder will be determined, by using as auxiliary planes 
those which contain these elements. 

A tangent to the curve at any of the points, thus determined, 
may be constructed by finding the intersection of two planes, one 
tangent to the cylinder and the other to the cone, at this point, 
Art. (172). 

The plane, of which te is the horizontal trace, is tangent to the 
cylinder along the element CQ, and intersects the cone in tlie two 
elements SP and SQ. If at P a plane be passed tangent to the 
cone, it will be tangent along SP, which is also its intersection 
with the tangent plane to the cylinder. SP is then tangent to 
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tho curve at P, and for a aiuiilav reason 8Q is tangent at Q. Hence 
the two projections sp and gq are tangent to xpy--qu at p and q 
reapoctively ; and the vertical projections of the same elemenla 
wiil be tangent at^' and q'. 

The plane of which to' is tho horizontal trace, is tangent to the 
cone along the element 8K, and intersects the cylinder in two ele- 
ments, the horizontal projections of which are tangent to xp--qv 
at k and v. 

The projections of the curve can now he drawn with great accu- 
racy. The horizontal projection of that part which lies above the 
two elements SM and SL, and also above the element DW, is 
drawn full. Likewise the vertical projection of that part which 
lies in front of the element BE, and also in front of the two ex- 
treme elements of the cone is full. 

If two auxiliary planes be passed tangent to the cjiinder, and 
both intersect tho cone, it is evident that the cylinder will pene- 
trate the cone, so as to form two distinct curves of intersection. 
If one intersects the cone and the other does not, a portion only 
of the cylinder enters the cone, and there will be a continuous 
curve of intersection, as in the figure. 

If neither of these planes intersects tho cone, and the cone lies 
between them, the cone will penetrate the cylinder, making two 
distinct carves. 

If both planes are tangent to the cone, all the rectilinear ele- 
ments of both surfaces will be cut. 



ni. The intersection of two cylinders may be found, by passing 
a plane through a rectilinear element of one cylinder parallel to 
the rectilinear elements of the other, and then intersecting the 
cylinders by a system of planes parallel to this plane. Tho hori- 
zontal traces of these planes will be parallel, and the construction 
wiil be in all respects similar to that of the preceding problem. 

The inierseeiion of two cones may also be found by using a sys- 
tem of planes, through the vertices of both comes. The right line, 
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which joins these vertices, will lie in all of these planes, and pierce 
the horizontal planp in a point common to all the horizontal traces. 
We may ascertain whether the cylinders or cones intersect in 
two distinct curves, or only one, in the same manner as in Art 
(173), hy passing auxiliary planes tangent to either cylinder or 



175. 1'roblbm 45. To find the intersection of a cone ami heli- 

Let mnl. Fig. 72, be the base of the cone, S its vertex ; and let 
prq bo the horizontal, and p'o"q' the vertical projection of the 
helical directrix, (s, o'*') being the axis, and the rectilinear gener;:- 
trix being parallel to the horizontal plane. Art. {92). 

Analysis. Intersect the surfaces by a system of auxiliary planes 
through the axis of the helicoid. These planes cut from both sur- 
faces rectilinear elements, which intersect in points of the required 

Construction. Draw sk as the horizontal trace of an auxiliary 
plane, TJiis plane intersects the cone in the element SK, and the 
helicoid in an element of which sg is the horizontal and h'y' the 
vertical projection. These intersect in X, a point of the required 
curve. In the same way, Y, Z, and other points, are determined. 
At the points m' and z', the vertical projection of the carve is tan- 
gent to s'm! and s'V, Art. (160). 

To draw a tangent to the curve at X ; pass a plane tangent Ici 
each of the surfaces at X, Arts, (129) and (139): iit is the horizon- 
tal trace of the plane tangent to the cone, and tw, parallel to sy, 
that of the plane tangent to the helicoid, and their intersection 
UX, is the required tangent line. 



176. Problem 46. To find the intersccAion of a cylinder iind 
hemisphere. 

Let mnl Fig. 73, be the baae of the cylinder and MX a rectili- 
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near element. Let eed ho the horizontal and c'fd' the vertical 
projection of the hemisphere. 

Analysis. Intersect the surfaces by a system of auxiliary planes 
parallel to the rectilinear elements of the cylinder and perpendicu- 
lar to the horizontal plane. Each plane will cut from the cylinder 
two rectilinear elements, and from tlio sphere a semicircnmference 
the intersection of which will be points of the required curve. 

Conxtruction. Talte pn as the trace of an auxiliary plane. It 
cuts from the cylinder the two elements PY and NZ, and from the 
hemisphere a semicircumference of which i is the centre and iff 
the radius. Eevolve this plane ahout 'fn until it coincides with II. 
pi" will be the revolved position of PY, Art. (28), and ne" parallel 
topi" the revolved position of WZ; gcz" the revolved position of 
the semicircumference ; y" and e" the revolved position of the re- 
ijuired points and Y and Z the points in their true position. 

In the same way any nnmber of points may be determined. 

The points of tangency x and in are found by uairg mx and Im 
as the traces of auxiliary planes, and )■' and u\ by using or and su, 

A tangent at any point may be constructed by finding the inter- 
section of two planes tangent to the cylinder and spliere as in Arts. 
(1S3) and (145). 

The tangents at Z and Y are evidently parallel to H. 



177. PitOBLBM 47. To find the intersection of a cone and kemt- 

Ijet mlo, Pig. 74, be the base of the cone, and S its vertex, at 
the centre of the sphere ; abc being the horizontal and a'd'c' the 
vertical projection of the hemisphere, 

Anaii/sis. Intersect the surfaces by a system of planes passing 
through the vertex and perpendicular to the horizontal plane. 
Each plane will cut from the cone two rectilinear elements, and 
from the hemisphere a semicircumference, the intersection of whitji 
will be points of the required curve. 

Conslnetioa, Take sp as the horizontal trace of one of the auxil 
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my planes. It intersects the cone in the two el 
and the hemisphere in a semicircle whose centre is at S. Kevolve 
this plane about the horizontal projecting line of S, until it becomes 
parallel to T. The element SP will be vertically projected in 
s'p'", SQ in s'q'", the semicircle in a'd'c', and x" and y" wilt be 
the vertical projections of the revolved positions of the points of 
intersection. In the counter revolution these points describe the 
arcs of horizontal circles and in their true position will be verti- 
cally projected at x' and j/', and horizontally at x and y. 

In the same way any number of points may be found. 

The points of tangency it' and s' are found by using auxiliary 
planes which cut out the extreme element^SM and 80. 

The points in which the vertical projection of the curve is tan- 
gent to the semicircle a'd'e, are found by using the auxiliary plane 
whose trace is st. 

To draw a tangent to the curve at any point, vne pass a plane 
tangent to the sphere at this point as in Art, (145) and also one 
tangent to the cone at the same point as in Art (129), and deter- 
mine their intersection. 



ns, Pkoblem 48. To develop an oblique cone with any base. 

Let the cone be given as in the preceding problem, Fig. 74, and 
let it be developed on the plane tangent'along the element. SP. 

Analysis. If the cone be intersected by a sphere haying its cen- 
tre at the vertex, all the points of the curve of intersection will be 
at a distance from the vertex eqaal to the radius of the sphere ; 
hence, when the cone is developed, this curve will develop into the 
arc of a circle having its centre at the position of the vertex, and 
iis radius equal to that of the sphere. On this we can lay off the 
rectified arcs of the curve of intersection, included between the 
several rectilinear elements, Art. (159), and then draw these ele- 
ments to the position of the vertex. 

The developed base, or any curve ore Ihe surface, may be traced 
on the plane of development, by laying off od each element, from 
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the vertex, the distanre from the vertex to tho point where the 
clement intersects the base or carve. A lino through the extrem- 
ities of these distances will he the required development. 

Construction, Find as in the preceding problem the curve 
XUT---. "With SjFig. 76, asacentre,andsa as a radius, describe 
the arc 2UR. It is the indefinite development of the intersec- 
tion of the sphere and cone. Draw SS for the position of the 
element SX. 

To find the distance between any two. points measured on the 
curve XUY---, we first develop its horizontal projecting cjlindci' 
on a plane tangent to it at X, aa in Art (161). X'XJ'R' Fig. », 
is the development 4 th« curve. On XUR lay oif XU=X'r', 
UU=¥'K', Ac, and draw SXJ, SR, &c. These will bo the posi- 
tions of the elements on the place of development. On these lay 
off SP==s'^"', SM=sW", &c,, and join the points PM, &c., and 
wo have the dei'elopment of the base of the cone. 



lT9. Problem 49. To find the intersection of two surfaces of 
revolution, mliose axes are in the same plane. 

First, lot the ti^Ss intersect and let one of the surfaces be an 
ellipsoid of revolution and the other a paraboloid; and let the 
horizontal plane he taken perpendicular to the axis of the ellipsoid 
and the vertical plane parallel to the axes; {c,c'd'). Fig. IS, being 
the axis of the ellipsoid, and [cl, s'l') that of the paraboloid. Let 
the ellipsoid be represented as in Art, (107} and let zf'r' be the 
vertical projection of the paraboloid. 

Analysis. Intersect the two surfaces by a system of ausiliary 
spheres having their centres at the point of intersection of the 
axes. Each sphere will intersect each surface in the circumference 
of a circle perpendicular to its axis. Ait (97), and the points of inter- 
section of these circumferences will bo points of the required curve. 

Construction, "With s' as a centre and any radius, s'q', describe 
the circle q'p'r' ; it will be the vertical projection of an auxiliary 
sphere. This sphere intersects the ellipsoid in a cireumforcnce 
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vertically projected in p'q', and horizontally in pxq. It intersects 
tlie paraboloid in a circumference vertically projected in r'v'. 
These circumferences intersect in two points vertioally projected 
at x', and horizontally at x and x". 

In the same way any number of points may be found. 

The points on the greatest circle of the ellipsoid are found by 
using s'n' as a radius. These pointe are horizontally projected at 
u and u", points of tangeney o(xzx" with nom. 

The points W and Z are the points in which the roeridian 
curves parallel to V intersect, and are pointe of the. required curve. 

Each point of the cnrve z'x'w' is the vertical projection of two 
points of the curve of intersection, one in front and the other be- 
hind the plane of the axes. 

A tangent may he drawn to the curve at any point as X, as in 
Art. (172). Otherwise thus: If to each surface a normal line be 
drawn at X, the plane of these two normals wili be perpendicular 
to the tangent plane to each surface at X, aud therefore perpen- 
dicular to their jntersectiojij, .which is the required tangent line. 
Art (IV2). Hence if thronpi'X.a right line be drawn perpen- 
dicular to this norm^ plane, it%illbe the required tangent. 

Since the meridian plane to a surface of revolution is normal 
to the surface, Ail:. (115), the normal to each surface at X must 
lie in the meridian plane of the surface and therefore inter'^et the 

To constrnct the noimal to the ellipsoid levoUe tlie men I it 
<urve through X ibont the aus of the surtdce in tii t beconn*. 
parallel to V it will be projected lUto end and the point X will 
be sertically projecteJ at q Perpendicular to the tangent it j 
draw q k It will be the iertii,al pr jiction of the noiinal in iti 
revolved position After the countei re^oluton K lemainin^ 
fi\ed, k'x will be the vertical, and ex thi, heiizontal pro]cctioi d 
the normal 

In tht siine wiy ihe normal L\ to iht j aiabolu d ma} bt < 1 
Etructed 

The line ^7' is the vertioal projection of the intersection of ihe 
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piiiiie of these two normals with, the plane of the axes, and is 
parallel to the vortical trace of the first plane ; hence a't' perpen- 
dicular to this line is the ycrtical projection of the required tan- 
gent, ixi is the horizontal projection of the intersection of the noi'- 
mal plane with the plane of the circle PXQ, and this is parallel to 
the horizontal trace of the normal plane; hence xt perpendicular 
to this is the horizontaL projection of the required tangent. 

Second. If the axes of the two surfaces arc parallel, the construc- 
tion is more simple, as the auxiliary spheres become planes per- 
pendicular to the axes, or parallel to the horizontal plane. Let 
the construction he made in this case. 



180. In the pre:;eding articles we have all the elementary 
principles and rules, relating to the orthographic projection. The 
student who has thoroughly mastered them will have no diiE- 
culty in their application. 

Let this application now ho made to the solution of the follow- 
ing simple problems. 



181. Probleu ^0 Ifat ng uittn two oj thejucct, n/ a Incdral 
angle, and the diedral angle opposite one of them, to construct the 
trudral anifle 

Let ds/ and fse , Fig 77, be the two given faces and A the 
given angle opposite_/se ,dy^ being in the horizontal plane, and 
the vettical plane perpendicular to the edge sj 

Constrnct, as in Art (o4), de' the vertical tiai..e oi t plane 
whose horizontal trace \ssl and miking with H the angle A , sde' 
will be the tcue position of the lequired face Resolve /se about 
xf until the point e comes into di at e This mnst be the point 
in which the third edge in true position pierces V, Join t'f; it 
will bo the vertical trace of the plane of the face fse", in true po- 
Kition, and SE will be the third edge. 
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Revolve sde' about sd until it coincides witli II ; e' falls at e'". 
Art. (17), and .dm'", is tlie true size of the third or required &ce. 

e'/d is the diedral angle opposite the fiico dse' ; &Tid pvq, deter- 
mined as in Art. (52), is the diedral angle opposite dsf. 



182. Problem 51, Having given two diedral angles formed by 
the faces of a triedral angle, and the face opposite one of them, to con' 
struct the angle. 

Let A and B, Fig, 78, be the two diedral angles, and dse'" the 
face opposite B. 

Make e'df = A. Kevolve dae'" about ds until e'" comes into 
de' at e'. This will be the point where the edge se'", in true po- 
sition, pierces V, and SE will be this edge. 

Draw e'm making e'me ~ E, and revolve e'm about e'e ; it will 
generate a right coue whoso rectilinear elements all make, with H, 
an. angle equal to B. Through s pass the plane sfe' tangent to 
this cone. Art. (130). It, with the faces fsd and sde', will form 
the rec[nired angle. 

fae" is the true size of the face opposite A, e" being the revolved 
position of e', determined as in Art. (17), and the thii-d diedral 
angle, formed by efs and c'rfs may bo found as in Art (52). 



183. Pboblem 52. Given two faces of a triedral angle and 
their included diedral angle, to construct the angle. 

Let dse'" and dsf Fig. 79, be the two given faces, and A the 
given, angle. 

Make e't//"- eq.uaL A. de' will be the vertical trace of the plane 
of the face dse'", in its- true position. Revolve dse"' about sd un- 
til e'" comes into de'. at e', the point where the edge se'", in true 
position, pierces V. Draw e'f. It is the vertical trace of the 
plane of the tiird or required face, and/se" is its true size. 

eon", Art. (53), is tho diedral angle opposite e'ds, and the third 
diedral angle can be found as in Art. (52). 
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184. Pbobleu 53, Given oneface and the two adjacent diedrai 
atiffles of a triedral angle, to construct the angle. 

Let dsf, Fig. '19, be the given lace and A arid B the two adja- 
cent diedral angles. 

Mate e'd/=A. Construct aa in Art. (54), /e', the vertical 
trace of a plane sfe', mating with H an angle = B. SE will be 
the third edge, dse"' and fie" the trne size of the other faces 
and the third diedral angle is found as in Art. (52). 



185. Problem 54. Given the three faces of a triedral angle, to 
construct the angle. 

Let dse'", Fig. 80, dsf and fse", he the three given faces, ad 
and s/" being the two edges in the horizontal plane. 

Mate se" ^ se"'. Eevolve t£e (nee fse" about/* ; e" describes 
an arc whose plane is perpendicular to H, Art (lY), of which e"e 
is the horizontal and ee' the vertical trace. Also revolve dse'" 
about ds ; e'" desciibes an arc in the vertical plane. These two 
arcs intersect at e', the point where the third edge pierces V and 
SE is this edge. 

Join e'd and ef. These are the vertical traces of the planes of 
the faces dse'" and fse", in true position. The diedrai angles may 
now be found as in the preceding articles. 



186, Problem 55. Given Ike three diedral angles fm'med b'j 
the faces of a triedral angle, to construct the angle. 

Let A, B, and C, Fig. 81, be the diedral angles. 

Make e'df= A. Dravr ds perpendicular to AB and take e'ds 
as the plane of one of the faces. If we now construct a plane 
which shall make, with H and e'ds, angles respectively equal to B 
and C, it, with liese planes, will form the required triedral angle. 

To do this ; with d m a centre and any radius as dm, describe 
a sphere; mn'g will be its vertical projection. Tangent to mn'q 
draw o'u making o'ud = B, and revolve it about o'd. It will 
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generate a cone wboae vertex is o t g 1 1 th pi a d II 
of wliosc i-eetiliiiear elements mat 1 H gl q I to E 

Also tingent to Bin'j, draw pV ak g th (i g' 1 ' 

to C, and revolve it about p'd. It w II g t h 

vertex is p', tangent Xo the sphe ! II t b t lin 

elements make with the plane sd gl q 1 1 C If w 

tlirough o' and p' a piano be pass Itagttt! [h t 11 
be tangent to both cones, and bo th j 1 f th q d tl I 

face, p'o' is the vertical trace of tl pi •! f ts. 1 1 tl 

base uxy is the horizontal trace, 8E is the third edge and dsf, dse'" 
niid/se'' the three faces in true size. 



187, By a reference to Spherical Trigonometry, it will be seei) 
that the preceding six problems are simple constructions of the 
i-equired parts of a spherical triangle, when either three are given. 
Thus in problem 50, two sides a and e, and an angle A opposite one, 
are given, and the others constructed. In problem 51, two angles 
'A and B, and a side 6, opposite one, are given, &c. 



188. Problem 5S. To construct a triangular pyramid, having 
given the base and ike three lateral edges. 

Let cde. Fig, 82, be the base in the horizontal plane, AB being 
taken perpendicular to cd; and let cS, rfS, and eS be the throe 

With c as a centre and cS as a radius, describe a sphere, inter- 
secting H in the circle mm. The required vertex must be in the 
surface of this sphere. With d as a centre and dS as a radius, de- 
scribe a second sphere intersecting H in the circle qmp. Tlie re- 
quired vcrtox must also bo on this surface, 'fhese two spheres 
intersect in a circle of which mn is the hoiizontal, and ni's'it' the 
vertical projection. Art, (97). With e as a centre, and eS as a 
radius, deaeribo a third sphere, intersecting the second in a circle 
of which qp is the horizontal projeciion. These two circles int<:r- 
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sect in a right line perpendicular to H at s, and vertically projected 
ia r'a'. This line intersects the first circle in 8, which must be a 
point comfnon to the three spheres, and therefore the vei$ex of the 
requii'ed pyRtmid. Join S with e, d and e, and we have the lateral 
edges, in true position. 



189. PaoBLEM 57, Tu circumscrilie a sphere aboul a tnanffular 
pyramid. 

Let iimo, Fig. 83, be the base of the pyramid in the horizontal 
plane, and 8 its vertex 

Analysis Since eich tdge of the [jviamid must be a chord of 
the required sphere, if either edge to bisected by a plane perpen- 
dicular to <t this pKne wil! contain the centre of the sphere. 
Hence, if firee such planes bo constructed intersecting m a point, 
this must be the required centre, and the ladins ivill be the right 
line joining the centre with the veite\ of either tnedral angle. 

Conslruclton Bisect mn and no, by the perpendiculars re and 
pc These will be the horizontal tiaees of two bisecting and per- 
pendicular planes They int«r=ect in a right line perpendicular to 
H at c Through U the middle point of SO pass a plane perpeii- 
dicnlar to it, Ait. {i&). tit is liis plane. It ia pierced by the 
perpendicular (c, dc') at C, Art. (42), which is the intersection of 
the three bisecting planes, and therefore the centre of the required 
sphere. CO is its radius, the true length of which is c'o". Art (29). 

With c and c' as centres, and with c'o" as a radius, describe cir- 
cles. They will be, respectively, the horizontal and vertical pro- 
jections of the sphere. 



190. Problem 53. To inscribe a sphere in a giten triangular 
pyramid. 

Let the pyramid S-wiJio, Fig, 84, be given as in the preceding 

Analysis. The centre of the required sphere must bo equally 
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distant from the four faces of the pjramid, and therefore must bo 
ID a plane bisecting the diedral angle formed by either two of its 
faces. Hence, if we bisect three of the diedral angles, by planes 
intersecting in a point, this point must be the centre of the re- 
Jquired sphere, and the radius will be the distance frem the centre 
to either face. 

Constructinn. Find the angle sps" made by the face So» with II, 
Art. (53). Bisect this by the line pu, and revolve the plane sps" 
to its true position. The lino pu, in its true position, and on will 
determine a plane bisecting the diedral angle sps". In the same 
way determine the planes bisecting the diedral angles srs'", sqs"". 
These planes, with the base mno, form a second pyramid, the vertex 
of which is the intorsection of the three planes, and therefore the 
required centre. 

Intersect this pyramid by a plane parallel to H, whose vertical 
trace is i'y'. This plane intersects the faces in lines parallel to 
mn, no, and om respectively. These line^ form a triangle whose 
vertices are in the edges. To determine these lines, lay off^^ 
y'y", draw rz parallel to ps. z will be the revolved position of the 
point in which the parallel plane intersects^ in its true position. 
z" is the horizontal projection of this point, and z"y of the line 
parallel to im. In the same way ty and tx are determined. Draw 
ox and ny ; they will be the horizontal projections of two of the 
edges. Tliese intersect in c the horizontal projection of ihe ver- 
tex, n'y' is the vertical projection of the edge which pierces II 
at n, c' the vertical projection of the centre, and o'd' the radius. 

With c and c' as centres describe circles with e'd' as a radius. 
They will be the horizontal and vertical projections of the reqairod 
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SPHEEIOAL PKOJECTIONS. 



PRELIMINARY DEFINiriONS. 

191. One of the most interesting applicatioDs of the principles 
of Descriptive Geometry is to the representation, upon a single 
plane, of the different circles of the earth's surface, regarJed as a 
perfect sphere. 

These representations are Spherical Projections, The plane of 
projection ivhich is generally taken as that of one of the great 
circles of the sphere, is the primitive plane ; and this great circle 
is the primitive circle. 

The axis of the earth is the right line about which the eartii is 
known daily to revolve. 

The two points in which it pierces the surface are the poles, one 
beiDg taken as the Mortk and the other as the South Fole. 

The axis of a circle of the sphere is the right line through its 
centre perpendicular to its plane, and the points in whicli it pierces 
the surface are the poles of the circle. 

The 'polar distance of a point of the sphere is its distance from 
either pole of the primitive circle. 

The polar distance of a circle of the sphere is the distance of wy 
point of its circnmference from either of its polos. 
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192. The lines on tho earth's surface, usually represented, are: 

1 . The Equator, the circumference of a great circle whose plane 
ia perpendiculai to the axis. 

2. The Ecliptic, the circumference of a great circle making an 
angle of 23J°, nearly, with the ec[uator. It intersects the equator 
in two points, called the Equinoctial Points. 

3. The Meridians, the cironmferences of great circles whoso 
planes pass through tho asis ; and are therefore perpendicular to 
the plane of the eqaator. 

Of these meridians two are distinguished : the Equinoctial Co- 
l-are, which passes through the equinoctial points; and the Soia- 
tilial Colure, whoso plane is perpendicular to that of the equinoc 
tial colure. 

The solstitial colure intersects the ecliptic in two points, called 
the Sohtiiial Points. 

4. The Parallels of Latitude, the circumferences of small circles 
parallel to the equator. 

Four of these are distinguished : 

The Arctic Circle, 23^° from the north pole ; 
The Antarctic Circle, 23^° from the south pole 
The Tropic of Cancer, 23^° north of the equator; 
The Tropic of Capricorn, 23^° south of the equator. 

The first two are also called Polar Circles. 



193. The Latitude of a point on the eaith's surface, is its dis- 
tance from the equator, measured on a meridian passing through 
the point. 

The Horizon of a point or place, on the earth's surface, is the 
circumference of a great circle whose plane is perpendicular to the 
radius passing through the point. 

Let M, Fig. 85, be any point on the earth's surface. Through 
this point and the asis pass a plane, and let MN8 be tho cireum 
feience cut from the sphere ; N the north and S the south pole 
KCE' the intersection of tho plane with the equator, and l*(J(i 
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perpendicular to CM, its intersection with the horizon of the given 
point. Then ME is the latitude of the point, and NQ the distance 
of the pole N from the horizon. NQ also measures the angle 
NCQ, tlie inclination of the axis to the horizon. But 

NQ = ME, 

sinee each is ohtained by subtracting NM from a quadrant; that 
is, the distance from either pole of ike earth to the horizon of a place, 
is equal to the latitude of that plaee. 



194. Let NS, Fig. 85, and ME be the axes of two circles inter- 
secting the plane NCM in the Sines EE' and PQ respectively. 
ECP is then the angle made by the planes of these circles. But 



since each is obtained by subtracting MCE from a right angle ; that 
ia, the angle hetween any two circles if the sphere, is equal to the 
angle formed by their axes. 



105. If a plane be passed through the axes of any circle of the 
sphere and of the primitive circle, its intersection with the primi- 
tive plane is the line of measures of the given circle. This auxiliary 
plane ia perpendicular to the planes of both circles, and therefore 
to their intersection ; hence the line of measures, a line of this 
plane, must he perpendicular to the inlersectioK of the given with, 
the primitive circle, and must also pass through ike centre of the 
primitive circle- Thus, if EE', Fig. 85, is the intersection of a 
circle with the primitive pl^ne NE3E', NS is its line of measurea. 
Also Na is the line of measnres of any small circle whose inter- 
eectioa with the primitive plane ia parallel to EE'. 
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1B6. When the point of sight is taken iu tlie axis of tho primi- 
tive circle, and at an infinite distance from this circle, ike pryec- 
tions of tlie sphere are orthoffrapkic. Art. (2). 

If E, Fig. 85, be any point, e will be its orthographic projection 
on the plane of a circle whose axis is CM. But 

Ce — E(i; 

that is, the orthographic projection of any point of the surface of 
a sphere is at a distance from the centre of the primitive circle equal 
to the sine of its polar distance. 



197. The circumference of a circle, oblique to the primitive 
plane, is projected into an ellipse. For the projecting lines of its 
different points form the surface of a cylinder whose intersection 
with the primitive plane is its projection. Art, (74), and this intoi'- 
section is an ellipse, Art. (160). 

If the plane of the circumference be perpendicular to the primi- 
tive plane, its projection is a right line. Art. (62). 

If the plane of the circumference be parallel to the primitive 
plane, its projection is an equal circumferecce, Art. (62). 

The projection of every diameter of the circle which is oblique 
to tho primitive plaiie, will be a right line less than this diameter. 
Art. (29), while the projection of that one which is parallel to the 
primitive plane, will be equal to itself, Art. (14). This projeclJon 
will then be longer than any other right line which can be drawn 
in the ellipse, and is therefore its transverse axis. Analyt. Geo., 
Art (127). 

The projection of that diameter which is perpendicular to the 
one which is parallel to the primitive plane, will be perpendicular 
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to Ihia transverse axis, Art (36), and pass tbroiigh the centre, and 
therefore he the conjugate axis of the ellipse, Art, (SO). 

This last diameter is perpendicular to the intersection of the 
plane of the given circle and the primitive plane, and therefore 
makes with the primitiro plane the same angle as the circle; and 
one-half its projection, or the semi-conjugate axis of the ellipse, is 
evidently tke eoitine of this inclination, computed to the radias of 
tlie given, circle. Hence, to project any circle orfhographically, 
wo have simply to Jind the projection of that diameter which is 
parallel to the primitive plane, and through its middle point draw 
a right line perpendiculaa" to it, and make it equal to the cosine of 
the angle made hy the circle with the primitive plane. The first 
line is the transverse, and the second the semi-conjugate axis of 
the required ellipse, which may then be accurately constructed as 
in Art. (59). 

It should be remarked that the conjugate axis of the ellipse 
always iies on the line of measures of the circle to be projected, 
Art. (195). 



198. The ]ine of nieisures of a circle evidently coniaios the 
projections of both poles of the circle Art. (195) , ind since the 
arc which measures the d stance of either pole Irom the pole of 
the primitive circle measuies also the intimation ot the two cir 
c!es. Art. (194) it follows that either pole of a circle is ortbo 
graphically prcgccted in. its line ot measures at a distance fiom the 
centre of the primitive circle equal to the sine of Us tnchnalion. Art. 
(19S). 



199. Problem 59. Toprqject the sphere upon the plane of any 
one of its great circles. 

Let EpE'j, Fig. 80, be the primitive circle intersecting the 
eqiiatoT in the points E and E', and making with it an angle de- 
noted by A. Let E and E' also be assumed as the equinoctial 
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pointa. The line EE' is then the intersection of tho primitive 
plane by the equator, ecliptic, and eqninoctial colure, tmdpg per- 
pendicular to it is the liuo of measures of all these circles. 

Let us first project the hemisphere Ijing between the primitive 
plane and the Borth pole. 

Since EE' is that diameter of the equaim- which lies in thp 
primitive plane, it is its own projection, and therefore the trans- 
verse axis of the ellipse into which the equator is projecteil. 
From 2 lay off qm' ~ A, and draw m'm perpendicular to pg. 
Gm = cos A, and is the semi-conjugate axis, Art. (ISI), On this 
and EE' describe the semi-ellipse EwiE' ; it is the projection ol' 
that part of the equator lying above the primitive plane. 

n is the projection of the north pole, E»' being made equiil to 
A, and Cn = tt'x its sine. Art. (198). 

EE' is also tho transverse axis of the projection of the ecliptic. 
If the portion of the ecliptic on the hemisphere under considera- 
tion, lies between the equator and the north pole, it will make an 
angle with the primitive plane greater than that of the equator by 
231°. If it lies between tho equator and the south pole, ifwill 
mate a less angle by 23l°. Taiing the former case, lay oif 
m'o' — 23^0, then qo' = A + 23-^°, and Co = cos (A + 23^°) = 
the semi-conjugate axis, with which and EE' describe the semi- 
ellipse EoE', the projection of one half the ecliptic. 

The equinoctial colure, making with the equator a right angle, 
makes with the primitive plane an angle equal to 90° -|- A. EE' 
is the transverse axis of its projection, and C« = cos qn' ;= cos 
{90° + A) = tJie semi-eoDJugate axis. And the semi-ellipse E«E' 
is the projection of that half above the primitive plane. 

The solstitial colure being perpendicular to the equator and 
equinoctial colure is perpendicular to EE', and therefore to the 
primitive plane ; hence its projection is the right Jine gp, Art. 
(197). 

To project any meridian, as that which makes with the solsti- 
tial colure, an angle denoted by B; pass a plane tangent- to the 
sphere at the north pole. It will intewect the planes of the giveci 
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meridian and solstitial colure in lines perpendicular to the axis, 
and making with eacli other an angle equal to B ; and these lines 
will picree the primitive plane in points of the intcrsectiona of the 
planes of these meridians with the primitive plane, Art. (30). To 
Uetorroine this tangent plane ; revolve the solstitial colvire abont 
'pq, as an asis, until it comes into tho primitive plane. It will 
then coincide with "Em/pq^ and the .north pole will fall at n'. 
Draw n'i tangent to En,'^ ; it is the revolved position of the in- 
tersection of the required tangent plane by the plane of the 
Kolstitial colure. It pierces the primitive plane at (, and st perpen- 
dicular to Cm, Art. (145), is tho trace of the tangent plane. Re- 
volve this plane about ts until it coincides with the primitive plane. 
The , north pole falls at «''; tn" being equal to in', Art. (17)- 
Through n", draw n"s, making with n"t an angle equal to B. 
This will be the revolved position of the intersection of the tan- 
gent plane by the plane of the given meridian. It pierces the 
primitive plane at s, and iC is the intersection of the meridian 
plane with the primitive, and i/z is the transverse asis of the ic- 
quired projection, Art. (lOT). 

To find the semi-con jngate ; through the north pole pass a plane 
perpendicular to yz ; nv is its trace. Revolve this plane about nv 
lantil it coincides with the primitive plane N falls it « , and 
ft"'vn is the angle made by the meridim with the pnmitiie phne 
Art. (53). Laj off ik = Lh and didw ku parallel to ys C« 
is the required semi Lonjugate aM, and the semi ellipse i/tiz is 
tlie projection ot that halt of the meridian which lies aboie the 
primiUve plane 

Since the plane ot any parallel of latitude as tie aictic urtle, 
is parallel to the equator it will bo intersected by the plane of the 
equinoctial colure m a diameter parallel to EE', and to ihe prim- 
itive plane, and the projection of this diameter will be the trans- 
verse a«ia of the projection. To determine it; revolve thy 
equinoctial colure about EE' as an axis until it coincides with 
^Wq ; N falls at p. From p lay off pa' = 2B^°, tho polar dis 
tance of the parallel, and draw a'b'. It will he the revolved posi 



d by Google 



120 DESCKirnv'K gkomuri 

tioii of that diameter of the arctic ciicle wLich i& paiallei to the 
primitive plane. When the colure is re>olveil to its tiue position 
a'b' will be projected into ab, the required transveise a\is From 
d its middle point lay off di ~ cos A, computed to the radius da ; 
it will be the semi- conjugate axis, and the ellipse aibk is tbe re- 
quired projection. 

Ill the same way the tropic of Cancer or any other parallel may 
bo projected. 

If tbe polar distance of the parallel is greater than 90° — A, the 
iiicliaation of the axis, the parallel will pass below the primitive 
piano and a part of its projection be drawn broken. 

The projection of the tropic of Cancer is tangent to EoE' at o, 
Art. (85). 



00 E^ch po nt n the pr m t e c r le is e de tij the p jec 
t on of two po nts of the surfa e of the sphere one iho e an 1 
the other belo v the pr m t ve plane To rep esent thes.e po ats 
d tt nctlj and [ re ent the contus on of the d a ng e first pro 
je t the uppet hem phe e as abo e and then, re olve the lower 
18 about a t ngent to the p n t e c rele at E It w 11 then 
be above the ]rmtve jla e and my be projectel tie san o 
way as tl e first E E s the pr jcot on of the other half of 
the equator s of the outl pole Eu E of the other ] alt ot tho 
ecliptic, EiE of the tquinoctial coiure , y 4* of themendian, Au 

201, If the projection be made on t!i£ equator, the preceding 
problem is much simplified. Thus, let EpE'q, Fig. 87, be the 
equator, n is the projection of the north pole ; EoE' of one half 
of the ecliptic, qo' being equal to 23^°, and wo its cosine. 

Since the meridians are all perpendicular to the equator, EE' is 
the projection of the equinoctial, and pq of the solstitial colnre ; 
yz of the meridian making an angle of 30° with the solstitial 
colure. 

Since the parallels of latitude are parallel to the primitive plane, 
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ahU is tlie projection of the arctic circle, and ogkl tliat of tiie 
tropic of Cancer, na being equal to the me of 23^", and nl ~ 
sin GGlo, Art. (196). 03U is tangent to EoE' at 0. 



202. If the ^roieetion be made on the equinoctial colure ; let 
ENE'S, Fig. 88, be the primitive circle, and E and E' the equi- 
noctial points. 

Since the equator is perpendicular to the primitive plane, EE' 
will be its projection. N is the north and S the south pole. 
EcE' is the projection of one half the ecliptic; Co being equal to 
cos 66^°, JJS is the projection of the solstitial colure. 

Since the parallels are perpendicular to tlie primitive plane, ah 
and a'b' are the projections of the polar circles ; No and So' being 
each equal to 23^° ; and Ig and I'g' the projections of the tropics, 
Ng and 8^' being each equal to 66^°. 

NyS is the projection of one half the meridian, making an angle 
of 30° with the solstitial colure, or 60° with the primitive plane, 
Cy being equal to cos 60° = \ CE'. 



203. The projections may be made upon the ecliptic, and 
horizon of a place, in the same way as in problem 69. In the 
former case, the angle A will equal 23^° ; and in the latter, since 
the angle included between the axis and hoiizon is equal to the 
latitude of the place. Art. (193), the angle A between the equator 
and horizon will be 90° + the latitude. 



PROJECTIOKS OF THE SPHERE. 

204. The natural appearance and beauty of a scenographic 
drawing will depend, very much, upon the position chosen by the 
draughtsman, or artist, for the point of sight, "this should be so 
selected that a person taking the drawing ijito his hand for exam- 
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illation, will naturally place his eye at this point. From any other 
position of the eye, the drawing will appear to some extent dis- 
torted. Hence it is, that an orthographic drawing never appears 
perfectly natural, as it is impossible to place the eye of the ob- 
.lerver at an infinite distance from it. 

In spherical projections, 1/ the paint of sight he taken at either 
pole of the primitive circle, the projections are Stereographic, and, 
in general, present the best appearance to the eye of an ordinary 
observer, as, in ihis case, the projections of all circles of the sphere, 
as wil! be seen in Art (207), are circles. 



205. The projection of each point on the surface of the sp3ieve, 
will be that point in which a right line, through it and the point 
of sight, pierces the primitive plane. Art. (3). 

Let M, Fig. 89, be any point ou the surface of the sphere, 
'ilirough it and the axis of the primitive circle pass a plane. Tt 
will intersect the sphere in a great circle EME'S, and tie prim- 
itive plane in a right Jine EE'; N and S being the polos of iho 
piimitive circle and S the point of sight. NM is the polar dis- 
tance and m the stereographic projection of M, Cm is the tan- 
gent of the arc Co, computed to the radius CS=CE,and Ci/ is 
one half of NM. That is, the stereographic projection of any 
point of the surface of the sphere is at a distance from the cen.tri' 
of the primitive circle equal to the iangfnl of one half its polar i/i\- 

In this projection, it should be observed that the polar distance 
of a point is always its distance from the pole opposite the point 
of sight, and often exceeds 90"'. 



206. If 3 plane be passed through the vertex of an oblique coi'.e 
with a circular base, perpendicular to this base and through its 
centre, such plane is a principal plane, and evidently bisects all 
chords of the cone drawn perpendicular to it. 
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Let SAB, Fig. 90, be stich a plane intersecting the cone in the 
elements SA. and SB, and the base in the diameter AB. If 
this cone be now intersected by a plane tTl', perpendicular to the 
principal plane, and making with one of the principal elements, as 
SA, an angle SJa equal to the angle SBA, which the other makes 
with the plane of the base, the section is a suh contrary section 
and win be the circumference of a circle. For, through o, any 
poiot of ha, which is the orthographic projection of the curve of 
intersection on the principal plane, pass a plane parallel to the 
base. It cuts from the cone the circumference of a circle, and in- 
tersects the plane of the sub contrary section in a right line per- 
pendicular to SAB at o, and the two curves have, at this point, a 
common ordinate. The similar triangles aod and cob give the 
propoi-tion 

00 : oc : : od : oh \ or, aoXo^ — ocX od, 

But M X ot! is equal to the square of the common ordinate, 
since the parallel curve is a circle; hence ao X 06 is equal to the 
square of the ordinate of the sub contrary section, which must. 



207. To project any circle of the spheie, through ita a\ia and 
the axis of the primitive circle pass a plane, and let ENfi'S, Fig 
89, he the circle cat from the sphere by this plane , S the pomt 
of sight; RMthe orthographic projection of the given circle on 
■the cutting plane, Art. (62) ; ON the a\is ot the pnmitiie ciicle 
orthographically projected in EE', and CI' the axis of the gi^on 

The projecting lines, drawn from points of the cucumioience to 
S, form a cone whose intersection by the primitive plane will evi 
dently be the stereographie projection ot the cucumference 
SEM is the principal piano of this cone, and SB and SM the pnn 
cipal elements. The primitive plane is perpeadiculaE to this 
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plane, and intersects tbe cone in a curve of wLich rm is the or- 
thographic projection. But the angle 

Sj-Hi, ^ KME. 

Since each is measured by SR, ES being equal to E'S, Lenca 
this section is a sub contraiy section, and therefore a circle whose 
diameter is mr. That is, the stereograpMc prcjectioa of every circle 
on the surface of a sphere, whose plane does not pass through the 
point, of sight, is a circle. 

mr is also tie line of measures of the given circle, Art. (195), 
and evidently contains the centre of its projection. 

The distance 

O = tan Co' = tan ^ {PR + FN), 



Cm = taa Co = tan ^ (PR -- PN). 

Hence, the extremities of a diameter of the projection of ar.y 
circle, on the surface of the sphere, are in its line of measures, one 
at a distance from the centre of the primitive circle, equal to the 
tangent of one-half the sum of the polar distance and inclination of 
the circle, and the other at a distance equal to the tangent ofone- 
kalf the difference of these two arcs. 

When the polar distance is greater than the inclination, these 
extremities will evidently be on different sides of the centre of the 
primitive circle. When less, they will be on the same side. If 
the polar distance is equal to the inclination, the projection of the 
given circle will pass through the centre of the primitive circle. 

The polar distance and inclination of any circle being known, a 
diameter of its projection can thus be constructed, and thence the 
projection. 



208. If the circle be parallel to the primitive plane, the Fub 
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contrary and parallel sections coincide, and the projeoticn is a cir- 
cle ivhose centre is at the centre of the primitive circle, and radius 
the distance of the projection of any point of the circumference 
from the centre of the primitive circle ; that is, the tangent of lialf 
the circle's polar distance, Ari (305). 

If the plane of the circle pass through the point of sight, the 
projecting cone becomes a plane, and the projection is a right line. 



209. I/a right line be tangent to a circle'of the sphere, its pro- 
jection will he tangent to the projection of the circle. For, the pro- 
jecting lines of the circumference form a cone, and those of the 
tangent, a plane tangent to this cone, along the projecting line of 
the point of contact ; hence the intersections of the cone and plane 
by the primitive plane, are tangent to each other at the projection 
of the point of contact, Art (113)- But the first is the projection 
of the circle, and the second that of the tangent. 



210. Let MR and MT, Fig. 91, be the tangents to two circles of 
the sphere at a common point, M. Let these tangents be projected 
on the primitive plane by the planes EMS and TM8 respectively, 
in the lines mr and fnt, and let MoS and M4S be the circles cut 
from the sphere by these planes, and let SR and ST be the lines 
cut from the tangent plane to the sphere at S. Since this tangent 
plane is parallel to the primitive plane, the lines SR and ST will 
be parallel respectively to mr and mt, and the angle RST = rml. 
Join ET. Since RS and EM are each tangent to the circle MaS, 
they are equal, and for the same reason TM — TS ; hence the tivo 
triangles, RMT and EST, are equal, and the angle 

EMT = EST = rmt, 

that is, the angle between any two tangents to circles of the sphere 
at a common point, is equal to the angle of their projections. 
The angle between the circles is the same as that between thei 
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tangents, and since the projections of tlio tangents are tangent to 
the projections of the circles, the angle between the projections of 
the circles is the same as that between the projections of the tan- 
gents; hence the angle between any two cirmmferenees or arcs is 
equal to the angle between their pTojecHons. 



211. If from the centres of the prtgections of two ch-cles radii he 
drawn to the intei-section of these pi-ojections, they iiiill make Ike 
same angle as the circles in space. For, these radii being perpen- 
dicnlar to the tangents to the projections, at their common point, 
make the same angle as these tangents, and therefore as the pro- 
jections of the arcs, or as the arcs themBclves, 



212. If the circle to be projected be a great circle, it will inter- 
sect the primitive circle in a diameter perpendicular to its line of 
measures, Art. (195). Let O, Fig. 92, be the centre of the projec- 
tion of such a circle intersecting the primitive circle EPE'il in the 
diameter PR, CE being its line of measures, and P and E evident- 
ly points of the projection. Draw the radius OE. The primitive 
circle ia its own projection ; therefore the angle CEO is equal to 
the angle between the given and primitive circles, Ait. (211). CO 
is tlie tangent of this angle, and OR its secant. Hence the centre 
of the pr ojection of a g_reat circle, is in its line of measures. Art. 
(207), at a distance from the centre of the primitive circle equal 
to the tangent of its inclination, and the radius of the projection is 
the secant of this angle. 



213. Let 0, Fig. 93, be the centre of the projection of a small 
circle perpendicular to the primitive plane, and intersecting it in 
PR, OC is its line of measures, and P and E points of the pro- 
jection. Join CR and OE. OE is pevpendi culiir to CR, since 
EPE'E is the projection of the primitive circle, and PjjE that oi 
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tlie given circle, at right angles with it, Art. (211), OR ia there- 
fore the tangent of the are ER, the polar distance of the given 
circle, and CO is its secant. Hence the centre of Ike pn^eciion of 
a small circle, perpendicular to tSe^imitive^lane, ia in its line of 
measures, at a distance from the centre of the primitive circle 
equal to tli£ secant rf the polar distance, and the radius of the pro- 
jection is the tangent of the polar distance. 



214. Let P and R, Fig. 94, be tho poles of any circle of the 
sphere; EPE'S being the circle cut from the sphere by the plane 
of the axes of the given and primitive circles, and MQ, the inter- 
section of this plane with that of the given circle, aad EE', its 
intersection with the priiBitivo circle, the line of measures of the 
given circle, p is the projection of P and r of R. Cp is the tangent 
of Co, ec^ual to one-half of NP, which measures the inclination of 
the given cirele to the primitive. Art. (194), Or is the tangent 
of Co', the complement of Co, or is the co-tangent of Co. Ilence 
the poles of any circle of the sphere are projected into the line of 
measures, the one furthest from tbe point of sight at a distance 
from the centre of the primitive circle cc[ual to the tangent of Aalf 
the inclination, and the other at a distance equal to the co-tangent 
of half the inclination of the given to the'pniaitive circle. 



215. Pkoblkm 60. To prcject the sphere upon the plane of any 
of its ijreat circles, as the ecliptic. 

Let EjjE'j, Fig. 95, be the primitive circle intersecting the 
eqnator in EE'. In this case, E and E' will be the equinoctial 
points, and in any other case may be talten as such. EE' ivill 
also be the intersection of the plane of the equinoctial colure with 
the primitive plane, and pq the line of measures of both these 
circles. 

We will first project the hemisphere above the primitive plane, 
tlie point of sight being at the pole underneath. 
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Since the Equator makeB an angle of 23^° with the primilivG 
plane, we draw E'o, making the angle CE'o = 23^°. Co is the 
tangent of this angle and E'o the secant; hence with o as a centre 
and E'o as a radius, describe the arc EmE' ; it is the projection of 
'the part of the equator above the primitive piano, Art. (212), 

From E lay oiF Ei — 23^° and draw AE' ; C« is the tangent 
of half the inclination of the equator, and n is the projection of the 
north pole, Art. (2U). 

The Equinoctial colore makes with the primitive plane au 
angle = 00° + 23^°. Through E' draw E'a: perpendicular to E'o. 
The angle CE'a: = 90" + 23^°, and Cr = tan CEV is its tan- 
gent and E'*" its secant. With r as a centre, and E'j- as a radius 
describe E'nE. It is the projection of the half of the equinoctial 
colure above the primitive plane. It must pass through n. 

The Solstitial Colure, being perpendicular to EE', passes 
throagh the point of sight and is projected into the right line pq. 

To pryect any other meridian., as that which makes an angle of 
30° with the equinoctial colure; produce the arc E'mE until it 
intersects O produced. The point of intersection, which we de- 
note by s, will be the projection of the south pole, and since all 
the meridians pass through the poles, their projections will pass 
through » and «, and ns will be a chord common to the projec- 
tions of all the meridians. If at its middle point r, the perpen- 
dicular rl he erected, this will contain the centres of all these pro- 
jections. If through n, nl be drawn making ml = 30°, it will be 
the radius of the projection of that meridian which makes an angle 
of 30° with the equinoctial colure, since rn is the radius of the 
pi-ojection of this colure Art. (211} ; and / is the centre of the 
projection of the required meridian, and ynz the projection. 

To project a parallel of latitude, as the Arctic Circle; lay off, 
Ei= 47°, the sum of the inclination, 23^°, and the polar distance, 
231 ° Art. (207). Draw E'i ; Co = tan ^E;, and o is one ex- 
tremity of a diameter of the projection. Since the inclination is 
equal to the polar distance, the other extremity is at C, Art. (207), 
and the circle on Co, as a diameter, is the reqiii 
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Fiyf Ihe Trc^c of Cancer ; lay off Ep = 231° + 66^= ; Cp is 
the tangent of half Bp, undp one extremity of a diameter of the 
projection. From Jc lay off kk =: 66^° the polar distance of the 
parallel. Then Eft — 43° equal tlie difference hetween the polar 
distance and the iucliaation, and Cu is the tangent of its half, and 
i; the other extremity of the diameter, and the circle on pv, the 
required projection. The projection of this tropic is tangent to 
the ecliptic aip, Art (65). 



216 a 1 p t th h ph b 1 th [ n t 

plane ha g at p 1 d t n tl a 90 and 11 th t b 
proje t d th t th p m t 1 Art ( 05) a I th 

cles n a th po t of ^ht w 11 th b p j t 1 t j 1 
circles, n n ak a m nat al [ t f n f th h m ph 

by re 1 ng t 180 as th o th ph p j t ab t a 
tange t at E th po t t ght 1 n^ m d t th p 1 f th 
primit 1 u t n p t n Th h m ph th n 

above th j m t pi ad j j ted th j d g 

articl b gthpjt it! thpl E E tth 

other halt of the equator , EsE of the eqmnoLtial Lolure, &c. 



217. If the projection be made on any other great circle than 
the ecliptic, as on that making with the equator an angle denoted 
by A, the construction will be the same, the angle A being used 
instead of 23^°. 

If on the horizon of a place, A mast equal 90° minus the lati- 
Itude. Art. (193). 



218. If tlie pryecllon be made on ihe equator, the preceding 
problem is uauch simplified. Thus let EjjE'g, Fig. 96, be the 
equator, E and E' the equinoctial points. EE' is the intersection 
of the plane of the ecliptic with that of the equator and 2'<} is its 
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line of measures and EoE' its pcojection, m being the centre and 
mn ~ tan 23^°. 

Since the meridians pass through the point of aight they are 
■projected info right lines. EE' is the projection of the equinoc- 
tial exulpq of the solstitial colare; and ynz of the meridian which 
makes an angle of 30° with the solstitial colurc, n being the pro- 
jection of the north pole. 

The parallels of latitude, being parallel to the equator, are pro- 
jected as in Art. (208) ; the Arctic Circle into arb ; and the 
Tropic of Cancer into dof; no, being equal to tan ^{^S^") ; and 
7id = tan ^(66^°). 



219. If the projection he on the solstitial colure ; let ENE'S, Fig. 
97, he the primitive circle; BE' its intersection with the plane of 
the equator. 

The Equator, being perpendicular to the primitive plane, passes 
through the point of sight and is projected into EE'. 

The Ecliptic, for the same reason, is projected into oo', oCE be- 
ing equal to 23^°. 

Nj^S ia the projection of the meridian, making with the primitive 
plane an angle of 30°, m being its centre and Cm = tan 30°. 

adb and a'hh' are the projections of the polar circles, Cx and 
Cx' being each equal to the secant of 23^°, and xb and x'b' each 
equal to the tangent of 23^°, ArL (213). 

ogf and o'g'd' are the projections of the tropics, each described 
with a radius equal to the tan C6|°. 



220. By an examination of an orthographic 
projection, it will be observed that the projections of equal arcs, of 
great circles which pass through the pole of the primitive circle, 
are very unequal ia length. In the orthographic, as the arc is re- 
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moved from the pole its pi'ojection is diminislied, and when near 
the primitive circle becomes very small, while the reverse is the 
case in the stereographie. 

To avoid this inequality, as far as possible, the point of sight is 
taken in the axis of the primitive circle, without the surface^ and at 
a distance from it equal to the sine of i5° = Ky'i^. 

Spherical projections, witb this position of the point of sight are 
called Glohalar. 

Thus let the quadrant E^, Fig. 98, be bisected at M, and S the 
point of sight. M is projected at m, and Cm will be equal to wiE. 
For we have the proportion : 

oS : oM : : CS ; Cm ; whence. Cm = ^_^^ . . . (i). 

Since 

oM = oC = 5S = R-v4r 

oS = R + 2Rv'|7 and CS = K+EVF 

Substituting these in (1), and reducing, we have 



and it will be found that the projections of any other two equal 
arcs of this quadrant are very nearly equal. This is the only ad- 
vantage of this mode of projection, as the projections of the cir- 
cles of the sphere, being the intersections of their projecting cones 
with the primitive plane will, in general, be ellipses. 



GNOMOKIC PBOJECTION. 

221. If the sphere be projected on a tangent plane at any point, 
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the point of sight being al its centre, the projection is called 
Gnomonic, 

In this case tlie projections of all meridians are right lines, 
since their plaoea pass through the point of sight. 

If the point of contact he on the equator the projections of the 
parallels of latitude will be arcs of hyperbolas, Art. (165). 

If the point of contact be at either pole of the earth, these pro- 
jections will be circles. 

By this mode of projection, the portions of the sphere distant 
from the point of contact will be very mnch exaggerated. 



CYLINDRICAL PROJECTIOS, 

222. If a cylinder be passed tangent to a sphere along the 
equator, and the point of sight be taken at the centre of the 
sphere, and the circles of ihe sphere be projected on the cylinder, 
and the cylinder be then developed, we have a developed projec- 
tion called the cylindrical pr(^ection. 

In this case the meridians will be projected into right lines, ele- 
ments of the cylinder, which are developed into parallel lines per- 
pendicular to the developed equator. Art, (161); and the paral- 
lels into circles which are developed into right lines perpendicular 
to the developed meridians, and at distances from the equator 
each equal to the tangent of the latitude of the parallel. 



CONIC PEOJECTION. 

223. If a eone be passed tangent to a sphere along one of its 
parallels of latitude, and the circles of the sphere he projected on 
it, the point of sight being at the centre, and the cone be then 
developed, we have a developed projection called ihe conic projec- 

In ttia case the meridians will be projected into right lines. 
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B of the cone, which are developed into right lines passing 
througli the vertex ; and the parallels into circles whoso develop- 
ments wili he arcs described from the vertex, each with a radins 
equal to the disfance of the projection from the vertex, Art, (166.) 

Thas, in Fig. 99, let EPE' be a section of the sphere and V the 
vertex of the cone tangent along the parallel of which ab is the 
orthographic projection. The equator wil! be projected into a 
circle whose diameter is ee' and the parallel MN into one whose 
diameter is mn, the first being developed into an arc of which Ye 
is the radius, and Uie second into one of which Ym is the radius. 
The radius Va of the development of the circle of contact is evi- 
dently the tangent of its polar distance. 

The drawing in this, as in the cylindrical projection, for those 
portions of the sphere distant from the circle of contact, will evi- 
dently greatly exaggerate the parts projected. 



224. This exaggeration may be lessened by making tlie projec- 
tion on a cone passing through two circumferences equally dis- 
tant, one from the equator and the other from the pole. Thus, let 
ab and cd, Fig. 100, represent two circles equally distant from EE' 
and P, Ea being one fourth of the quadfSnt ; in this case while the 
parts E« and cP will be exaggerated in projection, the part ac will 



225, WKen a small portion of the surface, between two given 
parallels, is to be represented, the conic method may be well used, 
taking the cone tangent to the sphere along a parallel midway 
between the given parallels, if the first method be used ; or pass- 
ing through two parallels, each distant from a limiting parallel 
one fourth the arc of the given portion, if the second method be 
used. 
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COSSTRUOTION < 



226. If h be desired to represent the entire surface of the earth 
by a map, either of the preceding methods may be used. In tliis 
case it is nsual to divide the quadrant, from the polo to the equa- 
tor, into nine equal parts and project the parallels of latitude 
through each of these points, as well as the polar circles and 
tropics; and also to divide the semi-equator into twelve equal 
parts and to project the meridians passing through these points. 
These meridians will be 15° apart and are called hour-eircks. 

The projections of the different points to bo represented ave 
then made and the map filled up in detail. 



227. The Stereographic projection gi\es the most m,tuiil n] 
resentation and, in general, is of the easiest construction 

In the Globular, when the equator is taken as the pimi tni. 
circle, the projections of the meridians are right lines, ind of th 
parallels of latitude, circles ; and this projection has the advantage 
that these parallels, which are equally distant in space, have their 
projections also veiy nearly equally distant. 



226. A very simple construction, when the primitive circle is a 
meridian, is sometimes m^de thus Divide the arcs EN, E'N, ES, 
and E'S, Fig. 101, each into nine equal parts, and the radii CN 
and CS also each into nine equil parts, then describe ^n,s of cir- 
cles through each of the three corresponding points ot division, 
for the represeutitives of the parillel« 

In the same way divide CE and CE , each into iix equal parts, 
and, through the points of division and the poles N and S, describe 
arcs of circles for the representatives of the moridfans. 

This representation, though called the equidistant pryectioti, is 
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not strictly a projection. It differs little, however, from the 
globular projection. 



LORQNAS MAP. 

229. A map of tte -globe is sometimes made by describing a 
primitive circle with a radius equal to 'R-\/2, R being the radius 
of the sphere, and regarding this as the, representative of the 
equator. Through its centre draw right linos making angles with 
each other of 15°, for the meridians. 

To represent the parallels : With the centre of the primitive cii- 
I t i fh 1 1 1 t VTCT kh g th 

It t d f tl 1 a d h t tl p 1 i th p 11 I 

1 so b i t p t h p II 1 

Th fth p mt 1 1 tly q It th 1 

th h ra p! d tl t 1 th 1 t th t f th 

rr I i ^ E t! b t j t 

1 w 11 b q 1 1 th t t th KO 1 d d b t tl 

p i g p II I 

Al tl f y q d I t 1 f m 1 by th t t 

md di p lllwllb qltotsj It 



th p I 



230, This chart; which is much n^ed by navigators, is a modifi- 
cation of the cylindrical projection. It has the great advantage, 
that the course of a ship on the surface of the sphere which makes 
a constant angle with the meridians intersected by it, will be repre- 
sented on the chart by a right line. 

To secure this, as the length of the representative of a degree 
of longitude, as compared with the arc itself, is manifestly in 
creased as the distance from the equator increases, it is necessary 
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that the repiesciitativea of the degrees of latitude should increase 
in tlie same ratio. 

But the length of a degree of longitude, at any latitude, is 
known to be equal to tlie length of a degree at the equator multi- 
plied by the cosine of the latitude, and since the representative of 
this degree at all latitudes is constant on the ehart, being the dis- 
t b t tw p II 1 1 th p t f ft 

t mdnstfll thtaswdptfmth qt th 

I t as mp d th tl t If a. th 

f til 1 1 1 i d as th t 

d h tl p tat f th d g f 1 1 1 d 

m t th sam t tb t th p t t t 

yg Ittde, tf^ltleffhtth q t Hpl d 

hj tl t I t fth I tl i 

By dd th p tat es f th I d g s, 1 11 

m rat Ij f th 1 m t t ^ d t th d t 

f tb p t t f h p 11 U th q t y b 

f 1 d tb I t y th b th t t 1 D 

right 1 t p t th q t th y tern f q d t t 

p 11 1 1 f tb m d tJi f th 1 £f th 

proper distances computed as above for each parallel to be repre- 
sented, and through the extremities of these distances draw right 
lines perpendicular to the system first drawn. They represent the 



231. All the maps constructed as in the preceding articles, 
though giving a general representation of the relative position of 
objects on the earth's surface, are defective in this, that there is no 
definite relation between actual distances of points and the repre- 
sentation of these distances on the maps, so that there can be no 
scale on the map by which these actual distances can be deter- 
mined. 

As m detailed representations of smaller portions of the surface, 
this scale is absolutely necessary, other modes of constructing 
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these maps have been devised, by which a near approximation to 
an accnrate scale is made. 



FLAMSTEAD 8 METHOD, 

232. In this method, modified and improved, and now in very 
general iise,-a right line, AB, Fig, 102, is drawn, which represents 
the rectified nrc of the meridian passing through the middle of th6 
portion to be mapped. A point, e, is then assumed to represent 
the point in which, the parallel midway between the extreme pai'- 
allels intersects this meridian, and from this point, in both direc- 
tions, equal distances, ex, cy, &c., are laid off, each representing the 
true length of one degree of the meridian. Then with a radius 
equal to the tangent of the polar distance of this central parallel, 
the arc dee is described to represent the parallel. This arc is the 
development of the line of contact of a cone tangent to the sphere. 
Also, with the same centre, arcs are described through each of the 
pomts ot division x, y r, o, to represent the other pirallels one 
degrte distant trom each othi,r Then, on eich of these an,'! 
from AB, la* off both w ays the arc= ea, ea , yv, yv ,oa,os,&ii, 
each equal tc the length of % degree ot longitude at the point'' 
c, o, lie VIZ , the Itngth of a degree at the equator multiplied by 
the natural coa]ne of the latitude ot thi, point Thiough the 
points a v,s,&. and 2, i , i , ilc , diaw the lines ais and av \ 
Tlioj will represent the two mendiana making an angle of one 
degree each, with the cential meridian 

In the sime way, the representatHcs of the two meiidians next 
to these miy be Lonstiucted, by laying off on the same -mc firm 
a, V, s, &(,, di^tinces each equal to ca yi, os, dc, and drawing 
lines thiough the pomts thu^ determined, and '^ o"t '"'til the 
representitnes of the extreme meridians ot the portion to be 
mapped are drann 

In thib map the scale along the eenti \\ mendian and parallels 
will be aci,ur*te la oth;,r directions when the map docs not rep 
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icsent a very exteriued portion of the si 
) nation to accuracy ia made. 



THB POLYCONIC METHOD. 

233. In this method, by which the elegiut an ' iCLUiate in ip 
of the U. 8, Coast Suivey arc con'itrQt.ted, the ^"ntral meiidiaii 
and parallel are represented is in the prece'' ""g artic'e The 
representatives of the other pirillels aie eath a ei,nDcd, thiou^h 
the proper point of dm&ion, with i radms equtldthe tangent of 
its p I d. ta tl ns gumg tlie Ue\clopnn,nt of the hues ol ooi- 
tact of any t a ent cones to the spheje The length of e.ich 
dcg e of 1 t d )5 then laid oft tj in the loimei niLfhod aiii! 
the [ s nt t e of the inendiana diawn 

In h n tl od Iso, the soale, tlong the ceiitial nieiidiin an ] 
parallels, is accurate and in other directions very nearly so. This 
has the advantage that the representatives of the raeridians and 
parallels are perpendicnlar to each otlier as in space, which is not 
the case in Flamstead's metliod. 



234. When very small areas are mapped this method is tiiiis 
modified in the coast survey office. The same process is used as 
above to construct the representatives of the uieiidians with accu- 
racy. Then commencing with the central parallel, the distance 
ex, Fig. 102, between it and the consecutive one, as measured on 
AB, is laid off on each meridian iu both directions, and through 
tiie extremities lines drawn to represent the consecutive parallels. 
Then from these the same distances are laid off for the next arid 
so on until all are constructed. 

The first set of parallels, described as in the preceding article, 
which should be in pencil, are then erased. 

By this method equal merldiau distances are everywhere in- 
cluded betweeTi the parallels, and the scale ai'.curate only in the 
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direction of the meridians, and central parallel. 
equidistant polyconic method. 



235- When the polar distance of the parallel is much greater 
than 45°, l3ie practical construction of its representative becomes 
difficult, as its centre will be so far distant In such case, for both 
the p Ij m th ! d th t f Fl m t d t bl a arefally 

comp ted g th 1 1 -d -o d t t th po ts of the 

repre t t f tl p 11 Is i h m t t 1 1 1 de and 

longit ddth ptt thb tely con- 

struct d by 1 t Th t bl th p t d tl TJ S, Coast 

Survey office are \eiy much extended and of great ^ alue. 
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PART III. 

SHADES AND SHADOWS. 

FEELIMINART DEPINITIOHS. 

238. To represent a body witli accuracy, it is not only neces- 
sary that tlie drawiEg should give the representations of tho de- 
tails of its form, but also of its colors, whetlier natural or artificial, 
or the effect of light and shade. 

Different portions of the same hody will appear lighter or darker 
according as the light falls directly upon it or ia excluded from it, 
hy ilseif or some other body. A siniplo application of tho 
elemeEtaty principles previously deduced will enable us to limit 
and represent these portions, and constitutes that part of the 
subject called Shades and Shadows. 



237. It is a principle of Optics, that the effect of light, when 
in the same medium and unobstructed, is transmitted from each 
point of a lumioous body in every direction, along right lines. 
These right lines are called rat/s of light. Any right line, there- 
fore, drawn from a point of a luminous body will be regarded as a 
ray of light. 

The sun is the luminons body which ia the principal source of 
light. It is at so great a distance, that rays drawn from any of 
its points to an object on the earth's surface, may, without mate- 
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rial error, be regarded as parallel. In the construction of prob- 
lems, in this part of our subject, they will be so taken. 



238. Let SE, Fig. 103, indicat« the direction of the parallel 
rays of light, coming from the source and falling on the opaque 
body B ; and let n-mlop-g be a cylinder, whose rectilinear elements 
are rays of light parallel to SE, enveloping and toaching this body. 

It is evident that all light, coming directly from the source, will 
be excluded from that part of the interior of this cylinder which is 
behind B. This part of space from which the light is thus ex- 
cluded hy the opaque body, is the indefinite shadow of the body; 
and any object within this portion of the cylinder is in the shadote, 
or has a shadow cast upon it. 

The lino of contact mlop separates the surface of the opaque 
body into two parts. That part which is towards the source of 
light, and on which the rays fell directly, is the illuminated part ; 
and that part opposite the source of light from which the rays are 
excluded by the body itselfi is the shade of the hody. 

This line of contact of the tangent cylinder of rays, thus sepa- 
rating the illuminated part from the shade, is the line of shade. 
Any plane tangent to this cylinder of rays will also be tangent to 
the opaque hody at some pointof this line of contact, Art (116); 
and, conversely, every plane tangent to the opaque body at a point 
of the line of shade will be tangent to this cylinder, and contain a 
rectilinear element. Art. (HO), or ray of light, and thus be a 
plane of rays. Hence points of the line of shade on any opaque 
body may be obtained bypassing planes of rays tangent to the body, 
and finding tkdr points of contact. 



239. If the cylinder n-mlop-q be intersected by any surface, 
as the plane ABCD, that part m'l'o'p' of this plane, which is in 
the shadow, is the shadow of B on this plane. That is, the skadou 
of an opaqtie body on a surface is that part of the surface frorr 
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wliicli tlio rays of Siglit are excluded by tbe interposition of thia 
body between it and the source of ligtt. 

Tlio bounding line of this sliadow, or the line which separates 
the shadow on a surface from the illuminated part of that surface, 
is the line of shadow. It is also the line of intersection of the cyl- 
inder of raya which envelops the opaque body, and the surface 
on which the shadow is cast. 



240. When the opaque body is bounded by planes, the cylinder 
of rays, by which its shadow is determined, will be changed into 
several planes of rays, which will include the indefinite shadow ; 
and the line of shade will be made up of right lines which, though 
not lines of mathematical tangency, are the outer lines in which 
these planes touch the opaque body, and still separate the illu- 
minated part from the shade. 

The line of shadow, in this case, is also made up of the lines of 
intersection of these planes with the surface on which the shadow 
is cast, and still separates the illuminated part of thia surface from 
the shadow. 



SHADOW OF POIKTS AND LINES. 

241, The indefinite shadow of a point may be regarded as that 
part of a ray of light, drawn through it, which lies in the direc- 
tion opposite to that of the source of light, and the point in which 
this ray pierces any surface is the shadow of tbe point on that 



242. The shadow of a right hue will then be determined by 
drawing through its different points rays of light. These form a 
plane of rays, and the intersection of this plane with any surface 
is the shadow of the line oii thai surfaced 
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To determine whetiier a given plane is a, plane of rajs, it is only 
necessary to ascertain wtetlier it contains a ray of light. This 
may be done by drawing through any one of its points a ray. If 
tiiis pierces the planea of projection in the traces of the given 
plane, it is a plane of rays, Art. (30). 



243. The shadow of a right line on a plane m^ be constructed 
by finding the shadows cast by any two of its points on the piano, 
Art. (241), and joining these by a right iine; or hj joining the 
shadow of any one of ite points with the point in wKich the line 
pierces the plane, Art. (30). 

If the right line be parallel lo the plane, its shadow on the plane 
will be parallel to the line itself, and the shadow of a definite por- 
tion of it will bo equal to this portion, Art. (14). 

If the line is a raj of light, its shadow on any surface will be 

Thus let MN, Fig. 104, be a limited right line, and lit' the 
plane on which its shadow is required, ME indicating the direction 
of the rays of light 

Through ihe extremities M and N, draw the rays MR and NS. 
They pierce (TC in R and S, Art. (40), which are points of the 
shadow. Art. (241). Join these points by E8, it will be the re- 
quired shadow. 

If the shadow be cast on the horizontal plane, the rays through 
the extremities M and N, Fig. {a), pierce H at m" and n", and 
m"n" is the shadow. 

If the shadow bo cast on the vertical plane, these rays pierce V 
at tn" and n", Fig. (6), and tn"n" is the shadow. 

If MN is parallel to either plane, then RS in Fig. 104, and 
jn"n" in Figs, (a) and (b) will be equal to MN. 

If right lines are parallel, their shadows on a place arc parallel, 
since they arc tlie intersections of parallel planes of rays by this 
plane. 
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244. The shadow of a curve will be , determined by passing 
through it a cylinder of rays. 2Re intersection of iliis cylinder 
with any surface will bo the shadow of the curve on that 
surface. 

The line of shadow on a surface, Art. (239), will always be the 
shadow of the line of shade ; and if thiongh any point of the 
line of shadow a my be drawn to the source of light, it will 
interbect the line of shade in a point which casts the assumed 
point of shadow. 

From this It follows that the point of shadow casl by any line in 
ipace upon any other line, may he found by constructing tlie 
shadows of both lines on a plane ; and drawing through the point 
of intersection of these shadows a lay, it will intersect the second 
line in the point of shadow cast upon it, by the point in which it 
intersects the first 



245. If two lines are tangent in space, their shadows, on any 
surface, will be tangent at the point of shadow cast by the given 
point of contact. For the cylinders of rays through the lines will 
be fangent along the ray passing through the point of contact, 
Art. (117); hence their intersections by any surface will be tan- 
gent at the point where this ray pierces the surface. These inter- 
sections are the shadows of the lines. 



246. The shadow of a curve of single curvature, on a plane to 
■which it is parallel, will be an equal curve, since each of its 
elements will cast a parallel and equal element of the shadow, 
Art. (243). 

If the plane of the curve be a plane of rays, its shadow on a 
plane will evidently be a right line. 

The shadow of the circumference of a circle, on a plane to which 
it is parallel, will be an equal circumference, v/hose centre is th 



shadow cast by the given centre. 
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Also, when the plane on which the shadow is cast makes a s«i- 
contrary section, in the cylinder of rays through the cireumference, 
Art. (206). 

In a!l other positions, when its plane is not a plane of rays, its 
shadow will he an ellipse, Art. (160), and any two diameters of 
the circle pei-pendicalar to each other will cast conjugate diameters 
of ike ellipse of shadow. For if at the extremities of either 
diameter tangents be drawn, they will be parallel to the other 
diameter, and their shadow parallel to the shadow of this 
diameter, Art (243). Bat the shadows of the two tangents are 
tangent to the shadows of the circle, at the extremities of the 
shadow of the first diameter. Art. (245) ; hence the shadow of the 
second diameter is parallel to the tangents at the extremities of 
the shadow of the first. These shadows are therefore conjugate 
diameters of the ellipse, and with them the ellipse may be con- 
structed. Ana 0-eo, Art (160). 

If the shadows of two iierpendicular diameters be found, also 
perpendicular to each other, they will be the axes of the ellipse, 
which may he uonstracted as, in Art (59). 



24*7. In looking upon the illuminated part of a curved surface, 
it will ha observed that, in general, one or more points appear 
much more brilliant than the others. This is due to the fact that 
(he ray of light, incident at each of these points, is reflected imme- 
diately to the point of sight. 

These points are called brilliant points ; and since it is a prin- 
ciple of Optics that th d t d fl t d y t y p t t 
a surface, lie in the sam m 1 pi PP * ^ ^ ^ 
normal at this point d mil j \ gl w th t, t f 11 
that at a brilliant pt,th yflh ith Itl d 
to the point of sight m t f Ifil th ! t 

Whea the point of sight is at an infinite distance, as in th 
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Ortlugraphii, projection, tlie bnlliint point may be constructed 
tkus Through any point drm a lay ot liglit and a, right Jine to 
the point of sight These will be parallel, respectively, to the cor- 
responding lines at the roqaired point, and make the same angle 
bisect the angle formed by these auxiliary hnes as in Art. (37) 
The bisecting line will be parallel to the line which, bisects tht 
parallel and equal angle at the brilliant point Hence, perpendi 
lar to tkts bisectinq line and tangent (o /Ae sui/oee, pass a plane. 
Its point of contact will be the hi lUtant point , for a line through 
this point parallel to the bisecting line will he a norma! to tbi 
suifdi,e, and nill bisect the angle fomied bv a ray of light and 
right line diawn fiom this point to the point ot sight. 



FRACTICAL PBOBIiBMS. 

248. Prodlbm 61. To construct the shadow of a rectangular 
pillar, on. ike planes of projection. Let mnlo. Fig. 105, be the 
horizontal and m'n'p'q' the vertical projection of tbe pillar, and 
let {nn", w'r) indicate the direction of the rays of light. 

Th upp base vertically projected in m'n,', and the two ver- 
t 1 f h rizontally projected in m,n and mo, are evidently illu- 
t 1 a itogether form the illuminated part of the pillar; and 
th dg ( , pV}, {«l, n-), (to, n'm'), and (o /' ') pir t 
tl 11 m ted part from the shade, and make up th In of 
1 d A t (240). 

Since n is in the horizontal plane and n" the sh d i N wii 
is the shadow of (n, p'n') on II, Art. (243). Th pla t y 
through (>il, n') is perpendicular to V, and n"r, p II I t I 
its horizontal and rl" Its vertical trace ; hence n" that pa t f 
the shadow of (nl, n') which is on H; and rl", Hm t 1 by th y 
through {In'), that part on V. The ray (m, rn') int ts{ l,n) 
in (xn'), and m; is the horizontal projection of that part which 
casts the equal shadow n"r, Art (243), and xl of that part which 
casts rl". 
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V'o" is the shadow of {ol, nt'n') on V, parallel and equai to 

The plane of rays through (o, ?'nt') is perpendicular to H, and 
OS ia its horizontal and so" its vertical trace ; and os the shadow of 
(o, j'w') 00 H, and so" its shadow on T, 5V '« 'he vertical pro- 
jection of the part which casts the shadow os and y'w! of that 
part which casts its equal so", Art. (243), 

The line of shadow is thns the broken line nn"r...o"...o, and 
the portion of the planes within this line ia the required shadow, 
and should be darkened as in the drawing. 

249. Problem 62. To construct the shadow of a rectangular 
abacus on the /aces of a rectangular pillar$ 

Let mnlo, Fig. 106, he the horizontal, and mVl'o' the Ycrtical 
projection of the abacus, and edd'c' the horizontal, and e'd'e'f the 
vortical projection of the pillar ; ME indicating the direction of 
the rays. 

The lines of shade on the abacus, which cast the required 
shadows, are evidently the two edges {mo, m') and MN. 

The plane of rays throngli {mo, m') is perpendicular to V, and 
intersects the side face, horizontally projected in cc', in a right hne 
perpendicular to V at s', which is the shadow on this face. mV 
is the vertical tJace of this plane. The ray MR, through M, 
pierces the front fece of the pillar in R, Art. (40), the shadow 
of M, and {cr, s'r') is the shadow of the part (pm, m') on this face. 

MN being parallel to this face, its shadow on it will be parallel 
to itself, and pass through E ; hence [rd, r'x') is the required 
shadow cast by its equal MQ. 

260. Problem 63. To construct the shadow of an upright cross 
upon the horizontal plane and upon itself. 

Let mnop. Fig. 107, bo the horizontal, and c'n'r'g'f the vertical 
projection of the cross. 

cc" is the shadow of the edge (c, c'd'), c" being the shadow of 
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(cd'} ; e"n" is the shadow of its equal (ere, d'n'), Art. (243) ; »"A" 
of the edge («, n'h') ; h"o" of its equal (no, h') ; o"y" of (oy, A'a:') ; 
(xy, a:') of a part of (cd, r'), on the face of the cross vertically pro- 
jected in I'h'. y"r" is the shadow of the remaining part of {cd, r) 
on H. (ex, I'x') is the shadow of (c, I'r') on the face vertically pro- 
jected in I'k', this being the intersection of a vertical plane of rays 
throQgh (c, I'r') with this face. r"q" is the shadow of its equal 
{de, r'q') • q"k" of {e, k'q') ; k"p" of {pe, k'g') ; p"m" of [p, m'g') ; 
and in/'t of a part of (pm, m'). 

All within the broken line thus determined on H is darkened, as 
also the part exyd, the horizontal projection of the shadow cast by 
the upper part of t5iR cross on the face vertically projected in I'k', 



251. Problem 64. To construct the slmde of a ci/lindrteal 
column^ and of its cylindrical abacus, and the shadow of the ahacm 
ore Ike column. 

Let mlo, Fig. 108, be the horizontal, and m'o'h'n' the vertical 
projection of the abacus, cde the horizontal, and ce^g' the vertical 
projection of the column. 

Pass two planes of rays tangent to the column. Since each con- 
tains a rectilinear element, they will be perpendicular to H ; and 
Id aud kf parallel to the horizontal projection of the ray of light, 
will be their horizontal traces, Art. (123); and (i^, s'li') and (/,/V') 
the elements of contact, which are indefinite lines, or elements of 
sliade. Art. (238.) 

In the same way the elements of shade {i, u'i'), &c., on the 
abacus, are determined. 

The line of ekadow on the column will be east by a portion of the 
lower circamference of the abacus towards the source of light. 
To determine any point of it, pass a vertical plane of rays, as that 
whose horizontal trace is yx. It intersects the column in a recti- 
linear element (x, x"x'), and the circumference in a point T. 
Through this point draw the ray YX. It intersects the element 
in X, a point of the required shadow, Art (241) ■ and in the same 
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way any number of points may be found. C is the shadow of Q, 
and D of L, and c'x'd' is the vertical, and cxd the horizontal pro- 
jection of that part of the curve of shadow which can bo seen. 

That part of the shade on the abacus and column, and of the 
shadow on the column, which can be seen, is darkened in the 



252. Problem 65. To construet the shade of a right cylinder 
with a circular base, and its shadow on the horizontal plane and on 
its interior surface. 

Let mlo. Fig. 109, be the base of the cylinder, and {c,d'c') 
its axis. 

The two planes of rays, whose horizontal traces are II" and kk", 
determine the two elements of shade {I, n'V) and {Jc, r'k'). 

These elemeiits cast tho shadows U" and kJc" on H, Art. (243). 

The semi-cjrcumference of the upper base LUK casts ils shadow 
on the interior of the cylinder, and the other semi-circumference 
on the horizontal plane, without the cylinder. 

The shadow of the latter is the equal semi-circumference ii"o"l" 
whose centre is c", Art (246), and this, with the lines II" and kk", 
limits tho shadow of the cylinder on H. 

To determine the shadow on the interior surface, pass any vertical 
plane of rays, as that whose horizontal trace is yx. It interaects 
the cylinder in tho element {x, x"x') and the semi-circumference 
in the point Y. Tho ray of light YX intersects [x, x"x') in X, a 
point of the required shadow ; and in the same way any number 
of points may be determined. 

The shadow upon any rectilinear element, may be found by 
using an auxiliary plane which shall contain this element. Thus 
Z is the shadow of U on the element (s, z"z'), u" of S, and (" 
ofT. 

This shadow evidently begins, at L and K, the upper ends of 
the elements of shade. 

The direotion of ihe rays is 'SO taken that a part of this semi- 
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circumference casts its shadow on H, within the cylinder. This 
part is horizontally projected in si, and its shadow ia the equal 
ate s"l" the continnation of k"o"l". 

Should this shadow not reach H, jis lowest point viiW be obtained 
by using as an auxiliary piano that one which contains the axis; 
and the point in which the vertical projection of the carve of 
shadow is tangent to o'p', bj' using the piano which contains the 
element (o, o'p'). 

That part of the shade between the elements {I, n'l') and (o, o'p') 
only, can be seen when iooiing on V, and is darkened in the 
drawing. 



253. Problem 66. To construct the shade of an ohlique cone 
and its shadow on, the horizontal plane. 

Let the cone be given as in Fig. 110, S being its vertex. 

If two planes of rays be passed tangent to the cone, the elements 
of contact will be the elements of shade, Art. (238). Since these 
planes must pass through S, Art. (130), they mnst contain the 
my of light SR. This pierces H at r, and rn and rp are the hor- 
izontal traces of these tangent planes, and SN and 8P are the ele- 
ments of contact, Art. (130). 

Tteso elements cast the shadows nr and pr, which limit the 
shadow of the cone on H. 

In looking upon H, the shade between the elements SP and SQ 
only is seen ; and in looking upon V, that between SN and SO. 



254. Problem 6V. To construct the shade of an ellipsoid of 
revolution and its shadow on the horizontal plane. 

Let the ellipsoid be given as in Fig. HI. 

T/ie line of shade is the line of contact of a cylinder of rays 
tangent to the snrface, and is an ellipse, Ana. 0eo., Art. (^3S); 
and since the meridian plane of rays, whose horizontal trace is 
«, is evidently a principal plane, Arf. (206), of both the ellipsoid 
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and cylindor, bisecting all chorda of both surfaces perpendicular 
to it, its intersection with the plane of the ellipse will also bisect 
all chords of the ellipse perpendicular to it, and be an axis of the 

This meridian piano cuts froia the ellipsoid a meridian curve, 
and from the cylinder two rectilinear elements, rays of light, tan- 
gent to this curve, at the vertices of the axis, the highest and 
lowest 2X)ints of the curve of shade. 

To determine these points, revolve the meridiaa plane abont 
(c, e'd'), until it becomes parallel to V. The meridian curve will 
then be vertically projected into e'm'd'n' ; CT will be the revolved 
position of C8, the axis of the cylinder, and the two tangents at 
r' and x', parallel to c't', will be the vertical projections, in revolved 
position, of the two elements cut from the cylinder, and R and X 
will bo the revolved position of the two vertices. When the 
plane ' is revolved to its true position, these points will be at 
P and Y, Art. (107), and PY is tho transverse axis of the required 
curve 

Th J gat , being perpendicular to the meridian plane 

of r } I II 1 1 H, and therefore horizontally projected into 
^, p pe 1 I t ^p, Art. (36), and vertically into /g'. 

Th p J t f this curve are ellipses. Of the horizontal pro- 

jecti /j 1 ntly the longest diameter, and therefore the 

transverse axis, and yp the conjugate, and the ellipse Jpff>/. is the 
horizontal projection of the curve of shade. 

Since the tangents to the curve at the highest and lowest points 
P and Y arc horizontal, their vertical projections must be r'p' and 
x'y' tangent to the vertical projection of the curve at p' and y'. 
These tangents being parallel to/?', p'y' and /ff' must be conju- 
gate diameters of the ellipse which is the vertical projection of 
tho curve; henaa p'f't/'ff't *>" these diameters, is the required ver- 
tical projection. 

Points of this carve may also be found otherwise, by intersect 
ing the surface by any horizontal plane, as that of which l'&' i 
the verljeal trace. It cuts from the surface a . cireumferenee, 
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and from the plane of the curve a line parallel to FG. These 
lines intersect in the required points. K and L are thus deter- 
mined. 

The points of tangency, m' and w', are the vertical projections 
of the points in which the curve of shade is intersected by the 
meridian plane parallel to V. 

The shadoio cast by the curve of shade on H is an ellipse, the 
intersection of the tangent cylinder with H. The conjugate axis 
of this ellipse,/"^", is the shadow of FG pai'allel and equal to 
itself, and the semi-transverse axis, y"s, the shadow of CY, since 
these shadows are perpendicular to each other, and y"s bisects all 
chords perpendicular to it. 



'2oo. If the ellipsoid becomes a sphere, the construction of the 
curve of shade is simplified, as it then becomes the circumference 
of a great circle perpendicular to CS, Art. (121), and fff is the 
projection of that diameter which is parallel to H, and pi/ the 
projection of the one which is perpendicular to it, Art. (I9Y), and 
the vertical projection may be obtained in the same way. 



266. If a plane of rays be passed tangent to any surface of 
revolution, the point of contact will be a point of the curve of 
shade, Art. (238). If through this point of contact a meridian 
plane be passed, it. will be perpendicular to the tangent piano, 
Art. (115), and cut from it a line tangent to the meridian curve at 
this point. Art (108) The plane, which projects a ray of light 
on to this meridian plane, is also a plane of rijs perpendicular to 
It, ind theri-toro paiallel to the tangent plane, and its intersection 
with the meridian plane will be parallel to the tangent cut from 
the tangent plane But this intersection la the projection of the 
lay Hence, tf a tangent be diawn to any mertdian curve of a 
mrface of revolution parallel to the projection of a ray of liffht on 
the meridian, plaae, its point of contact mill he a point of the line oj 
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shade, and thus any nambcr of points may be found on different 
meridians, and the line of shade drawn. 

The points TJ and W, in Fig. Ill, may thus be determined by- 
drawing tangents to the meridian curve which is parallel to V, 
parallel to c's'. 



257. Problem 68. To find the hriUiant point an any surface 
of revolution. 

Letthesurfacebeanellipsoid, givenasinFig. HI. Through any 
point of the axis as C, draw the ray of light CS and the line (co, c') 
to the point of sight in front of the vertical plane. Bisect their 
included angle as in Art. (37) by the line CQ. To determine a 
plane perpendicular to this line and tangent to the surface, Art. 
(247), throngh it pass the meridiem plane of whinh rq is the 
horizontal trace. This plane cuts from the surface a meridian 
curve, and from the required tangent plane a right line tangent to 
this curve at the required point, and perpendicular to CQ. 

Revolve this plane about (c, c'd') until it becomes parallel to V. 
The meridian curve will be vertically projected in e'n'd'm', and 
CQ in e'q'", Art. (29). Tangent to e'm'd' and perpendicular to 
eg'" draw i's"'; z"' is the vertical projection of the revolved 
position of the required point, horizontally projected at e", and 
when the plane is revolved to its true position at e. Z is then the 
required brilliant point. 



^58. Pkoblbh 69, To conslruet the shade and shadow of an 
uprighl screw. 

Let ecf, Fig, 112, be the circular base of a right cylinder Tvhose 
axis is oc', and let em'e' be an isosceles triangle in the plane of the 
element ee' and of the axis, its base coincident with the element. 
If this triangle be moved about the cylinder, its plane always 
containing the axis, with a uniform angular motion, and at the 
same time with a uniform motion in the direction of the axis, so 



dbyGoogle 



154 DE6CE1PT1VB G?;OMETET. 

that aftei' passing around once it will occupy the position e'm"e", 
it will generate a volume called the thread of a screw. 

The cylinder ia the cyUnder of the screw. 

It is evident that tho two sides m'e and m/e' will each generate 
a portion of a helicoid, Art. {92J, the side m!e' cenoratiEg ihe 
tipper mrfac f th tb d d fliei w t 

The point g \. th I hel f th th 1 1 t! e 
poiat e the i 7 Jix 

The curve f had ihe I /oc f th th d m ) hs 

constructed hy p ss gjl fyt ttth t J 

joining the p 1 f ta t ly 1 Art ( 38) 

To find th p t f th th helix pas plane 

tangenttoth Iw hi dtFgl th I t.lt f 

this plane, th d ta // b g q 1 t th t fi d fee, 

Art. (139). 

It is a prop rty f th h 1 d th t 11 t g t p! t the 

surface, atptfth A i m k th 1 th the 

axiB, or with th h tal pi e, h t L j p d ! to 

thisaxk F h fth pi dt Iby t „ fti 

tlie helix, and the rectilinear element through the point of contact ; 
and these lines at all points of the helix make tho same angle 
with the axis, Arts, (69) and (92), and with each other. 

Hence, if through the axis we pass a plane perpendicular to 
the tangent plane at P, it will cut from this plane a right line, in- 
tersecting oc' ato", horizontally projected in oi, and making with 
H the same angle as that made by a plane tangent at any point 
of the helix, and with the rectilinear element passing through ihe 
point of contact an angle, which is the eame for all these planes ; 
hence the angle lof will be the same for ail these planes. 

If this line be now revolved about oc', it will generate a cone 
whose rectilinear elements make the same angle with H as the tan- 
gent plane. If a plane of rays be passed tangent to this cone, it 
will bo parallel to the plane of rays tangent to the surface at a 
point on tho inner helix, kl, tangent to the circle generated by 
oi, is the horizontal trace of this plane, Art. (131), and ol is. the 
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horizontal projection of the line cut from the parallel tangent plape 
of rays hy a perpendicular plane through oc'. If, then, ivG make 
the angle lox equal to iof, ox will he the horizontal projection of 
the element containing the rec|uired point of contact, and X will 
be the point 

In the same way, the point Y on the outer helix may be ob- 
tained, hy first passing a plane tangent to the lower surfece at M, 
eq is its horizontal trace, mq being equal to the rectified semi-cir- 
cumference myn, and eop the constant angle. A tangent from ( to 
the circle generated by op (so nearly coincident with ec/'that it is 
not drawn) is the horizontal trace of the parallel plane of rays, and 
J raV th th ht 1 j 1 th p t f tact 

f th t t gl q 1 1 p l\i h t 1 p j t of 

th I m t t tl p t f t t, d li th q red 

I U d I I t f ih f had m bdtm dby 

t t g > th 1 t 1 t t f t t pi of 

y t m d t h 1 Th a, pis pi t 1 1 the 

IwhhdfWmdybtw FdNw6 th hori- 
tal p J ti f th h lis 1 as th gh th p t ^ the 
h n t 1 p J t f th t rs t t th t t pi with 

th h tal pi th h / 6 b g ] 1 1 th tified 

6 S th t ti p rail 1 to th h t 1 1 ice 

f th t t pi 11 h th h n t 1 p J t f the 

1 t f th t. til by th p Ti d 1 plane 

through oo', and /dm the constant angle, us is the honzontal pro- 
jection of the circle cut from the auxiliary cone by the horizontal 
plane through fm', and ts .the horizontal projection of the inter- 
section of the tangent plane of rays with the same plane ; oz making 
with the right line joining o and s, an angle equal to fou, is then 
the horizontal projection of the element containing the point of 
contact, o"V Art. (92) its vertical projection, and Z the required 

As the surface, of which e'm"n"f' is the vertical projection, is 
in all respects identical with that of which em'n'f is the prqjeo- 
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tion, y"x" will be the vertical projeetioQ of the curve of shade on 
the first surface, its horizontal projection being yx. 

To construct (he shadow cast by this curve of shade on the sur- 
face of the thread below it, constrnct the shadow of (tey, x"y"') on 
the horizontal plane through n'e', under the supposition that the 
rays are unobstructed. x'"y"' is the horizontal projection of this 
shadow, Art (244.) Then assume any element, as (ao, a-'o^, on 
whieli it is supposed the shadow will fall, and construct its shadow 
on the same plane, A'V" is the horizontal projection of this 
shadow. Through the point in which these shadows intersect, 
horizontally projected at r", draw a ray of light, intersecting the 
element in E, which is the shadow of the curve on the element. 
Art. (244.) The curve evidently begins at (a;, a:") and is vertically 
projected in x"r'. 

The shadow cast by the helix («in, )«"»") on the surface of the 
thread may be constructed in the same way by first constructing 
its shadow on the same horizontal plane as above, and the shadow 
of an assumed element {o6, OjtS') on the same plane, and from their 
point of intersection horizontally projected at d", drawing a ray ; 
{6, 6') will be a point of the required shadow. 

The curve of shadow on the surface, whose vertical projection 
is mf, will be equa! to the curve whose vertical projection is 
x"r'5', and may be drawn as in the figure. 



259. The briUiant jxnnl on the upper surface of the thread 
may be constructed by bisecting the angle formed by a ray of 
light and a line drawn to the point of sight, Art. (247), and then 
passing a plane perpendicular to the bisecting line and tangent to 
the surface, as in Art. (140), and finding its point of contact 
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PART IV. 

LINEAR PERSPECTIVE. 



DEFINITIONS AND PRINCIPLES. 

260. It Las been observed, Ait (204), that tbe orthograpliic 
projections can never present to the eje of an observer a perfectly 
natural appearance, and hence this mode of representation is used 
only in drawings made for the development of the principles, and 
the solution of problems in Descriptive Geometry, and for the pur- 
poses of mechanical or architectural constructions. 

Whenever an accurate picture of an object is desired, the sceno- 
graphic method must be used, and the position of the point of 
sight chosen, as indicated in Art. (204). 



261. That application of the principlea of Descriptive Geometry 
which has for its object ike accurate representation, upon a single 
plane, of the details of the form and the principal Una of a body, 
ia called Linear Perspective, 

The art by which a proper coloring is given to all parts of the 
representation, is called Aerial Perspective. This, properly, form 
no part of a mathematical treatise, and is therefore left entirely tc 
the taste and akill of the artist. 
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262. The piano upon wLich the representation of the body is 
made is called the plane of Ike jncture ; and a point is represented 
upon it, as in all other cases, Art. (3), by drawing through the 
point and the point of sight a right line. The point in which it 
pierces the plane of the picture is the perspective of the ffimn 
•point. 

These projecting lines are called visual rays, and when drawn 
to the points of any curve, form a visual cone, Art, ('7'r). 

Any plane, passing through the point of sight, is made up of 
visual rays, and is called a visual plane. 

The plane of the picture is usually taken between the object to 
be ep e ted and the point of sight, in order that the drawing 
may b ot smaller dimensions than the object. It is also taken 
erti 1 as n this position it will, in general, be parallel to many 
p nc 1 al 1 nea of the object. It may thus bo used as the yertieal 
p! ne of projection, and will he referred to as the plane V, 
Alt. (24). 

The orthographic projection of the point of sight, on the plane 
of the picture, is called the principal point of the picture ; and a 
horizontal line through this point and in the plane of the picture, 
is the Afwiaon of the picture. 



F POINTS AND RIGHT LINES. VAKISIIINO POINTS OW 

263. Let M, Fig. 113, be any point, in space, AB the horizontal 
trace of the piano of the picture, or ground line, and S the point 

The visual ray 8M, through M, pierces the plane of the pictrra 
V, in m, Art. (40), which is the perspective of the point M. 

264. The indefinite perspective of a right line, as MN, Fig. IM, 
may be drawn by finding the perspectives of any two of its points 
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ga in the preceding article, and joining them by a riglit line ; or 
by passing through the line a visual plane, and constructing its 
trace on the plane of the picture. 

The point »', in which this line pierces V, is one point of this 
trace, Art. (30). If through S a line SP be drawn parallel to 
MN, it will lie in the visual plane, and pierce V at p', a second 
point of the trace, and p'n' will be the perspective o£ the line. 

The point p' is called the vaniskin^ point of the line MN. 
Hence, to construct the perspeetive of any right line, join its 
vanishing point with the point where the line pimves the plane of the 
picture, hy a right line. 

265. The vanishing point of any right lino is the point in which 
a line, parallel to it through the point of sight, pierces the plane of 
the picture. 

This point, as seen in the preceding article, is always one point 
of the perspective of the line ; and since the auxiliary line intersects 
the given line only at an infinite distance, this point is the perspec- 
tive of that point of the given line which is at an infinite dis- 
tance. 

The principal point is evidently the vanishing point of all per- 
pendiculars to the plane of the picture. 



266. Any horizontal right line making an angle of 45° with the 
plane of the picture is a diagonal. 

A right Hne through S, Fig. 113, parallel to a diagonal, pierces 
V in the horizon, and at a distance from the principal point s', 
equal to the distance of S from the plane of the picture. Since 
two such lines eau be dravfn, one on each side of the perpendicular 
8s', there will be two vanishing points of diagonals, one for those 
which incline to tlie right, and another for those which incline to 
the left. 

These points arc also called points of distance, since when as- 
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suraed or fixed, the distance of the point of sight from the plane 
of the picture is determined. 

267. If a plane be passed thrmigh the point of sii/kt parallel to ii* 
given plane, it will contain all right lines drawn through this point 
parallel to lines of ihe plane. Its trace on the plane of the pic- 
ture will therefore contain the vanishing points of all these lines, 
and of lines parallel to them. This trace is ihe vanishing line of 
the plane. 

The liorizon is evidently the vanishing line of all horizontal 
planes. 

A system of parallel right lines will have a common vanishing 
point; since the line through the point of sight parallel to one is 
parallel to all ; hence their perspectives all intersect at this point, 
Art. (285). 

If the lines are also parallel to the plane of the picture, the anx- 
iliary line will he parallel to it, and their vanishing point at an in- 
finite distance. Their perspectives will then be parallel, and (fte 
perfective of each line parallel to itself, and it will be necessary to 
determine only one point of its perspective. 

If a right line pass through the point of sight, it is a visual ray, 
and the point in which it pierces the plane of the picture is its 
perspective. 

2C8. If a point be on a line, its perspective will be on the per- 
spective of the line. If then through any point two right lines 
be drawn, and their perspectives found as in Art. (264), the in- 
tersection of these perspectives will be the perspective of the given 
point. Hence, in practice, the perspective of a point is constructed 
by drawing the perspectives of a diagonal and perpendicular, which, 
in space, pass through the point, and finding the intersection of 
these perspectives. 

Thus let s', FJg. 113, be the principal point, s'd^ the horizon, 
d^ one point of distance, and M any poirt in space, 
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MN is a diagonal through tho point, its vertical project! 
being parallel to AE, Art. (14). It pierces V at n', vanishes at rf, 
and n'dj is its perspective, Art. (264). The 'perpendicular through 
M pierces V at m', vanishes at s'j and m's' is 
These perspectives intersect at ni, the perapcctive of M. 

If the point M should bo in the horizontal plane, the 
and perpendicular would pierce V in AE. 

When the given point is near the horizontal plane through the 
point of sight, tbe perspectives of the diagonal and perpendiculat 
through it are so nearly parallel that it is diflicult to mark accu- 
rately their point of intersection. In this case, find the perspec- 
tive of a verljeal line through the given point ; its intersection ivith 
the perspective of the diagoual or perpendicular will bp the re- 
quired point. Thus in Fig. 113, find m,, the perspective of m the 
foot of a vertical line through M, and draw m,m, intersecting 
mV in m, the perspective of M. 



269. Since the object to be represented is usually behind the 
plane of the picture. Art. (262), and is given by its orthographic 
projections, these projections when made as in Art. (4), will 
occupy the same part of the drawing as the perspective, and cause 
confusion. To avoid this, in some degree, thjit portion of the 
horizontal plane which is occupied by the horizontal projection of 
the object, is revolved about AB 180°, until it comes in front of 
the plane of the picture. Thus, in Fig. 113, w cornea to m", and 
the horizontal projection of the dif^onal MN to the position M"n, 
its vertical projection being in its primitive position, and the point 
n' being found as before. Art, (27). It will be observed that the 
horizontal projection of each diagonal, in this new position, lies 
in a direction contrary to that of its true position. The vanishing 
point will be determined by its true dirpotion, Art (268). 
U 
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a*?©. The perspective of any curve may be found by joining its 
points witli the point of sight by visual rays, thus forming a visual 
cone. The intersection of this cone hy the plane of the picture 
will bo the required perspective : Or the perspectives of its points 
may be found as in Ait. (268), and joined by a hne. 

If the curve be of single curvature. Art, (58), and its plane pass 
through the point of tight, its perspective will be a right line. 



211. If two lines are tangent in space, their perspectives will he 
tangent. For the visual cones, by which their perspectives are 
determined, will be tangent along the common reetiliocar element 
passing through the point of contact of the lines; honeo their 
intersection by the plane of the picture will be tangent at the 
perspective of tkis point of contact. 



272. If the circumference of a ciicle be parallel to the plane of 
the picture, its perspective will be the circnmferenco of a circle 
whoso centre is the perspective of the given centre ; also, if it bo 
so situated that the plane of tho picture makes in its visual cone a 
sub-contrary section. Art. (206). 

In all other eases, when behind the plane of the picture, and its 
plane does not pass through the point of sight, its perspective will 
be an ellipse. 

It is evident that if the condition be not imposed that the circle 
shall be behind the plane of the picture, thia piano may be so 
taken as to intersect the visual cone in any of the conic sections. 



2*73. Let mlo, Fig. 115, be a circle in the horizontal plane, re- 
volved as in Art. (269), and let s' bo the principal point, the 
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point of sight being taken in a plane through the centre and per- 
pendicular to AB, and let d, and d, be the points of dUtance. 

0| is the perspective of o, and m, of nl, Art. (268), and o,mi of 
the diameter om. The perspectives of the two tangents at o and m 
will be tangent to the perspective of the circle at o, and m„ Art, 
{2ll) ; and since the tangents are parallel to AB, their perspec- 
tives will be parallel to AB, Art. (26'?), or perpendicular to o,m| ; 
hence OiWi, is an axis of the ellipse. Through its middle point e^ 
draw diCi ; it is the perspective of the diagonal fe, and «[ is the 
perspective of e, and UiSi of the parallel. chord ms, m's' and z,s' 
being the perspectives of the perpendiculars through m and z, and 
«,«, is the other axis of the ellipse. On these two axes the ellipse 
can be described as in Art. (59) 

The perspectives of the tw j p d I rs ii d iA t 

gent to the ellipse at I, and h 

If the point of sight be t Ii y th p ti th p 

spective of the circle, Fig. 116 mybdtm dhyp ts 
in Art. (270), and the curve d th hthpttgt 

to the perspectives of the ta ts t I d i Th 1 

o,mi will be a conjugate dian t t th 1 th t 

gents at o, and m, are parallel to AB and to u,z,. 



274, If a body, bounded by a curved surface, be enveloped by 
a tangent visual cone, the line of contact of this cone will be the 
outer line of the body, as seen from the point of sight, and is the 
line of apparent contour of the body. 

The perspective of this line, Art. (2T0), is evidently the bound- 
ing Hue of the picture or drawing, and is a principal line of the 
perspective. 

When the body is bounded by plane surfaces, the visual cone 
will he made np of visual planes ; the line of apparent contour 
will not be a line of mathematical contact, but will still be the 
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outer line of the body as seen, and will be made up of right 

When the body is irregular, or composed of broken surfaeee, 
the line of contour may be composed partly of strict lines of con- 
tact, either straight or curved, and partly of lines not of contact, 
but still the outer lines of the body as seen. In all cases their 
perspectives will form the boundary of the picture. 

To construct the perspective of any body, we must then deter- 
mine the perspective of its apparent content, and of sach other 
principal lines as will aid in indicating its true form. 



275. If a line of the surface intersect the line of contact of the 
visual cone, the perspective of this line will be tangent to the per- 
spective of the line of contact. For at the point of intersection 
draw a tangent to each of the two lines; these tangents lie in the 
tangent plane to the surface, and this plane is also a visual plane 
tangent to the cone. Its trace on the plane of the picture is the 
perspective of both tangents, and tangent to the perspectives of 
both lines at a common point They are therefore tangent to each 
other. 



POINTS OF RAYS OF LIGHT ANI 

276, Since the ravs ot light arc pirallel they will have a com 
mon vanish ng point, which may al«a^s be determined by draw- 
ing a visual ray ot light, and finding the point in which it pierces 
V, Art. (26o) In the construction of a driwing or pitture, the 
direction of the light is usuillj i,ho«en by tlie draughtsman oi 
artist. Ihis is done by assuming the \ mishing point of rayt at 
once, as the direction of the light is thus completely deterramed 
Thus let )„ Fig 117, bo the \anishing point of rajs, S bung the 
point of sight, s! will be the horizontal projection ot the raj, and 
sV, :1s vertical projection 
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2'J'l. The horizontal projections of raja of light being parallel 
and horizontal lines, must vanisli in the horizon. Art. (237) ; and 
since a line through the point of sight parallel to the horizontal 
projection of a ray, must be in the same vertical plane with a ray 
through the same point, it must pierce the plane of the picture in 
the vertical trace of this plane, that is, in the lino r,r' at r'. 
Hence, having assumed the vanishing point of rays, througli it 
draw a right line perpendicular to the horizon ; it will intersect it 
in the vanishing point of the horizonial projections of rays. 



278, The orthographic projections of rays on all planes perpen- 
dicular to AB, as the piano (Ti', are parallel. The line s's is the 
vanishing line of these planes. Art. (267), and mast therefore 
contain the vanishing point of these projections. This point mast 
also be in the trace of a plane of rays through S, perpendicular to 
these side planes, r,*"], parallel to AB, is this trace; hence i-j is 
ihe vanishing point of the pryectiom of rays on side planes. 



279. The orthographic pryections of rays on the plane of the 
picture, or on planes parallel to it, are parallel ; and being in, or 
parallel to, the plane of the picture, will be parallel in perspective, 
Art., (267), and all parallel to ris', the projection of the ray 
through S on V. 



THE BHADOWa OF POINTS AND RIBUl LINES ON 
PLANES. 

280. Gima the shadma of a point on a 2)la'ne ta the point in which 
a ray of light through the point pierces the plane, Art. (241), it 
must be the intersection of the ray with its orthographic projection 
on the plane. Hence, to construct the perspective of the sf-adow of 
a point on any plane, through the perspective of the point draw 
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the perspective of a ray, and throngli the perspective of the pro- 
jection of the point on the plane, draw the perspective of the pro- 
jection of the ray ; the intersection of these two lines will be the 
perspective of tie required shadow, Art, (268). 

If Ihe shadow be on the horizontal plane, '^dmih^ perspective of 
the point with the vanishing point of rays r^, Fig. 11'7, and the 
perspective of the horizontal projection of the point with the van- 
ishing point of horizontal projections r' ; the intersection of these 
two lines will be the perspective of the shadow of the given 

If the shadow be on any side plane, join the perspective of the 
projection of the point on this plane with the vanishing point of 
the projections of rays on side planes r,; the intersection of this 
line with the perspective of the ray, will be the perspective of the 
shadow. 

If the shadow he on, any .plane parallel to V, through the per- 
spective of the projection of the point on this plane draw a line 
parallel to the projection of the ray on the plane of the picture 
sV[ ; its intersection with the perspective of the ray will be the 
perspective of the shadow. 

If the skfidow he on tiny vertical plane, draw through the per- 
spective of the horizontal projection of the point, a right line to 
the vanishing point of horizontal projections. It will be the per- 
spective of the horizontal trace of a vertical plane of rays throogh 
, the point. At the point where it intersects the perspective of the 
horizontal trace of the given plane erect a vertical line ; it will be 
the perspective of the intersection of the plane of rays with the 
given plane. The point .where this intersects the perspective of 
the ray through the given point, will be the perspective of the 
shadow. 



281. The perspective. of the indefinite shadow cast by a right 
line on a plane, may be constructed by finding the perspective of 
the point in which the line pierces the plane, and joining it with 
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the perapective of the sbadow cast by any other point of the right 
iine ; or by joining the perspectives of the shadows of any two 
points of the line by a, right line. 

If the line be of definite length join the perspectives of the 
shadows of its two extremities by a right line. 



PRACTICAL PR0BLEM3, 

282. Prodlism 70. To eonstrucC the perspective of an upright reel- 
angular pillar, with its shade and shadov) on Ike horizontal plane. 

Let Imno, Fig, 118, be the lower base of the pillar in the hori- 
zontal plane, revolved as in Art. (269), and p'g' the vertical pro- 
jection of the upper base, s' the principal point, d, one of the 
points of distance, »-i the vanishing point of rays, and r' of hori- 
zontal projections of rays. These important points will be thus 
represented in all the following problems. 

Sinco ml and no are perpendicular to V, they vanish at s'. Art. 
(265), and m's' and n's' are their indefinite perspectives ; id., is 
the perspective of the diagonal ni, and n, of the point n. Art. 
(268), n,m,„ parallel to AB, is the perspective of mw. Art. (267) ; 
0, of the point o ; n^Oi of the edge no. Art. (264) ; o,l, of ol, and 
m,l, o£ml 

The cdg f th upp base, which are horizontally projected 
in on and ? p V a,tp' and q', and vanish at s' ; hence. p's' 

and g's' a th d ii te perspectives. The diagonal of the 

upper base h t lly p jected in ni, pierces V at i', i'd, is its 

perspoctiv d ^ th p pective of the vertex of the upper base 
horizontally projected in n, and ji, of that horizontally projected at 
L The vertical edges which pierce H in m, n, 6, and I, are parallel 
to V, and their perspectives parallel to themselves ; hence m^q^ 
"li'ii "i"!, ^i"] are their perspectives terminating in the points y„y„ 
«i, Vy, and ?ip,«iVi is the perapective of the upper base. 

The face of which nfi^u^p^ is the perspective is in the shade, an 
therefore is darkened in the drawing. 
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The shadow on H, of the edge representod by rtji^ is n 
(281), The shadow of the edge represented by pii 
the line itself, and therefore perpendicular to V, and vanishes at 
s'. It is limited at p, and Mj, Art. (281). u^v,, parallel to AB, 
is the perspective of the shadow of the ^dge represented by u,Vi, 
and i,v, of that represented by l,i!i. 

That part of the drawing within the line nipj.VtX, is darkened, be- 
ing the perspective of that part of the shadow on H which is seen. 



283. Problem ^1. To construct ike perspective of a square py- 
ramid with its pedestal, and the perspective of its shadow. 

Let mnol, Fig. 119, be the base of the pedestal revolved, as in 
Art. (269), and mnn'm' its front face in the plane of the picture, 
pqta the horizontal, andp'w' the vertical projection of the base of 
the pyramid, and its vertex. 

The face mnn'm' being in the plane of the picture is its own 
perspective. The four edges of the pedestal, which are pei'pen- 
dicular to V, pierce it in m, n, n' and m' and vanish at s'. The 
two diagonals too and (mo, m'n') pierce V at to and m' and vanish 
at d^. The diagonals nl and (nl, n'm') pierce V at » and n' and 
vanish at d,. Hence o, is the perspective of o, Art (268) ; i, of 
{on') ; I, oil; and A, of [Im') ; and the perspective of the pedestal 
is drawn as in Art. (282). 

The two perpendiculars (»:t, v!) and {pq, p') pierce V at m' and 
p' ; It's' and p's' are their perspectives intersecting m'd, and n'di 
in «,, J,, pi and t, and u,piq\ti is the perspective of the base of the 
pyramid. 

The perpendicular through G pierces V at c', and a diagonal 
through the same point at h' and c's' and h'di are their perspec- 
tives, and Ci the perspective of C; and CiM,, c^p,, Cjj,, and Cit, are 
the perspectives of the edges of the pyramid.. 

Kfis is the perspective of the shadow of nn' on H ; nje^ of the 
shadow of the edge represented by «'*, Art. (265). i, is the per- 
spective of c, the horizontal projection of the vertex ■ iy of the 
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horizontal projection of a ray throiigli C, and CiT, the perspectivo 
of the raj ; hence c, is the perspective of the shadow of C on IT, 
Art. (280). e, is tlia porspoetivo of the projection of C on thu 
upper hase of the pedestal, e,r' of the projection of a ray on this 
plane, and c, of the shadow cast by C on this plane ; and p,C3 the 
perapeotive of the shadow cast by the edge CP on this plane, 
Art (281). This shadow passes from the upper base at a point 
of which x, is the perspective; Q!,r, is the perspective of a ray 
through this pointy intersecting jijs' at Xs, the perspective of the 
shadow cast hj one point of the edge CP on H, and x./:^ is the 
perspoitivc of the shadow, 

(.Cj is the perspective of the shadow cast by the edge CT. on 
the upper base of the pedestal ; y, of the point at which it passes 
from this base; y, of the shadow of this point on H, and f/fy of 
the shadow of the edge CT. 

The face represented by c,p,q, is in the shade, as also that re- 
presented by nn'k,Oi, and both are darkened on the drawing. 

piX,!c,i/it, hounds the darkened part on the perspective of the 
upper base, and nn, . . Cj^j . . ^i that on H. 



284. Problem 72. To construct the perspective of a eylindneal 
column with its square pedestal and abacus, and also the shade of 
the column and shadow of the abacus on the column. 

Let mnffl (Fig. 120) be tie horizontal projection of both ped- 
estal and abacus, Art, (269); mm'n'n the vertical projection of the 
pedestal, and e'l'ij'f that of the abacus; upqt being the horizon- 
tal projection of the column, m'n' the vertical projection of its 
lower, and e'f of its upper base ; the plane of the picture being 
coincident with that of the front faces of the pedestal and abacus. 

Let the point of sight be taken aa in Art (273), in a plane 
through the centres of the upper and lower bases of the column 
and perpendicular to AB. 

Construct the perspective of the pedestal as in Art (282), 
mm'n'n being I'ta own perspective, and m'l, tmd'n'g, the .perspeo- 
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tivea of those edges of the upper face of the pedestal which pierce 
V at m' and n'. 

In the same way construct the perspective of the ahacus ; e'l'g'f 
being its own perspective, and e's' and/'s' the indefiiilte perspec- 
tives of the edges of the lower face which pierce V at e' and/'. 

"fifiSiPi is the perspective of the lower base of the column de- 
t«raiined as in Art. (273) ; Wiy, being ita semi-conjugate and l^pf 
i!s semi-tranverse axis. In the same way the perspective of the 
upper base is determined, its conjngate axis being the perspective 
of that diameter which pierces V at m", horizontally projected in 
aq, and its tranvei'sc axis 2,?', the perspective of the chord corre- 
bponding to tp. 

tfii and_p|ii| tangent to these ellipses, Art. (215), and perpen- 
dicular to AE, are the perspectives of the elements of contour of 
the column, and complete ita perspective, Art. (274). 

The elements of shade on the column are determined by two 
tangent planes of rays, Art. (251), and since these planes arc ver- 
tical, their intersections with the plane of the upper face of the 
pedestal will be parallel to the horizontal projections of rays, and 
tlierefore vanish at r'. Since these intersections are also tangent 
to the lower circle of the column, their perspectives will be tan- 
gent to the ellipse tiU^pj, Hence, if through r' two tangents he 
drawn to t,Uipi, their points of contact will be points of the per- 
spectives of the elements of shade. Ufh, is the perspective of iho 
only one which is seen. The plane of rays by wSiich this is de- 
termined intersects the lower edge e'f of the abacus in A,, through 
which draw kiv^. It intersects afi, in in the perspective of the 
point of shadow cast by i,, and limiting the perspective of the 
element of sbade. 

Draw r't, ; it is the perspective of the intersection of a vertical 
plane of rays with the upper face of the pedestal. This plane 
intersects the column in an element represented by (iZ,, and the 
edge represented by e's' in a point of wiiich y, is the perspective. 
Through y^ draw yii-, intersecting /,3, in yj, the perspective ol the 
shadow cast on the column by the point Y, and in the same way 
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tLu perspective of the shadow cast by any point of the same edge 
may be determined. 

Through m.' draw trCr\ and through e' draw e'j', intersecting 
the perspective of the element cut from the eolnraii in e^, the per- 
spective of tho shadow cast by e' on the column, and in the same way 
the pei^pective of the shadow cast by any other point of the edge 
e'f may be found, as lOj the perspective of the shadow cast by lo". 

All of the lower face of the abacus is in the shade, and is dark- 
ened in the drawing. The Jine j/sSs...Aa is the perspective of the 
line of shadow on the column, and all above it is darkened, as all 
beyond a^i. a^r' is the perspective of the shadow cast by the cle- 
ment of shade on the upper surface of the pedestal, and the part 
beyond it which is seen is therefore darken odi 



285. Problem Y3. To construct the perspective of an upright 
cijlindrical ring, with its shade and shadov! on its interior surface. 

Let mngl, Fig, 121, be the horizontal projectioa of the outer 
cylinder of the ring, and ezji' iti vertical' projection ; upql the 
horizontal, and o^i^w^ the vertical projection of the inner cylinder, 
the plane of the picture being coincident with the plane of the 
front face of fbe ring. 

Tho two circles ez,h' and o,i,w, being in the plane of the picture 
are their own perspectives. 

To construct the perspectives of the back circles horizontally 
projected in Ig and iq, draw the vertical radius (c,.c'k') and the 
two vortical tangents at Q and G, hiC,, a-^q,, and b^ff^ are the per- 
spoctives of these lines, Art. (268), and c„ yi, and g, are the per- 
spectives of the points C, Q, and .G. With Ci as a centre, and c,]/, 
and c,g, as radii, describe the arcs (,i" and Vi^i, they will be the 
perspectives of arcs of the back circles. 

Sif, and Si^, are the perspectives of the elements of contour 
tangent to the circles eg^x, and v,g„ Art. (27S). 

The eiemmt ofshade.on tho outer cylinder is determined by a 
tangent plane of rays. This plane .being perpendicnlar to T, its 
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vortical trace will be parallel to r,s', Art. (2T9), and tangent to 
y,z,h' at Z|, and z,v, will bo tlie perspective of this tlement. 

Points of the shadow cast by the circle Oii'iUf, on the interior 
cylinder will be found by passing planes of rays perpendicular to 
the plane of the picture. Each plane will intoisect the circle in 
a point which casta a shadow on the element which the plane cuts 
from the cylinder, Art. (252). o,j, parallel to r,s' is the vertical 
trace of such a plane, intersecting the circle in Oi, and tho cylin- 
der in an element of which i,s' is the perspective, 0|r, is the 
perspective of a ray through o„ and o^ is the perspective of the 
shadow. Tho perspective of the shadow evidently begins at k^. 



286, Problem ti. To construct the perspective if an mveritd 
frustum of a cone with its shade and s}iadow. 

Let C, Fig. 122, be tho vertex, kol-ni the horizontal, Art, (369), 
and h'l' tho vertical projection of the upper base, ekgf iha hori- 
aontal, and e'g' tho vertical projection of the lower base, and k'e' 
tho vertical projection of one of the extreme elements. 

The perspectives of the bases arc determined as in Art. (273), 
k y ftheupp a i A a /i thit of the lower base 

Th 1 p t of th te\ IS found as in Art (208) CI 

be th 1 ag al th gh t, piercmg \ at z an 1 (fo c ) the 
p p nd ula p ^ at si/j anl es aie their porspeotncs 

t ra t g at Tl h dnw the two tangents c w and 

c,y, , th y a the p p ti of (he elements ot contoui irnJ 
with the curves iojins, and ei^,a,/ hmit the perspectie ot th 
frusta m 

The ekrienti> of shade on tho cone are deterramcd bj two 
tangent planes of rijs mtersectmg m a ray of light passm^ 
through tho \ei-tcx Art (131) nc, is the perspective of this uj 
and M !■ tho pi,rspective ot its honzont'ii projection, m, being the 
perspective of c, hence e is the perspective of the point m which 
mis ray pierces H, and tho tangents Cji, and eji, are the perapec 
tiveaot the honzontal tracps of the tangent phnea, anJ i Wi and 
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p,qi of tlie elements of shade, \rt (^53) the former onlv being 
seen 

That part of the mcumj^erence of the fpper ba^e towirJs the 
'.oiiree of hght, and between the points ot which »i ind j, arc fhi 
perspectiTcs, cast^ ifa shadow on the interior of the cone Point" 
of this shalow may be deteimined by intersecting the cone by 
phnes of rajs through the vertex E-ich plane intersects the cit 
cumference in a po nt ml thit patt (f the cone opposite th 
source of light in i rectilmeir element \. riy tf li[,ht through 
the point infeisocfs the element m a pout ot the ri.qujied 
shadow 

CjKi IS the perspective ol the hotizontal tiaoe of auch a pUnc 
The phne intersects the cone in two elements represented by u y 
and SjC, and b^ is the perspective ot the point in which the plane 
inteisects the circumterence, 6i»-i tie perspective of a raj through 
this point, and 6) the perspective of the required point ol 
shadow 

The cun e of shadow evidently begins at the points of which n^ 
and ji are the perspectives. 

The perspective of the lowest point of this shadow will be 
found by using the line CtUu as this is the perspective of the trace 
of that plane which cuts out the element furthest from the point 
casting the shadow. 

The perspective of the point of shadow on any element is found 
by nsing the line drawn through c, and the lower extremity of the 
perspective of the element. Thus the point of tangency 61, Art. 
(275), is found by using 0,0, as the perspective of the trace of 
the auxiliary plane. 

qikfi' is the perspective of that part of the shadow on the inte- 
rior which ia seen, and is therefore darkened in the drawing as is 
the perspective of the shade MiJiaiy,. 

«]?!; and pyqi are the perspectives of the shadows cast by the 
elements of shade on H, the points % and i/j being determined bj 

The plane determined by c^ai intersects the circumference of th 
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upper base in a point of which y, is the perspective, y,r, is the 
perspective of a ray through this point piercing H at a point of 
which yj is the perspective. This is a point of the perspective of 
the curve of shadow of the apper cirou inference on H ; and in the 
same way any number of points may be determined. 

Tifj drawn tangent to n,!/|)Miwill also be tangent to n,yiqi, since 
. this tangent is the perspective of the element of contour of the 
cylinder of rays through the upper circumference by which its 
shadow is determined, Art. (27o). 

The curve Bjyjji is also tangent to ijii and p^q^ at n, and iji. 



287. Pboblbh 76. To construct the perspeetiee of a niche with 
its shadow on its interior surface. 

Let the niche be formed by a semi-cylinder, the lower base of 
which is mlo, Yig. 123, and the upper base vertically projected in 
m'o', and the quarter sphere vertically projected in the semicircle 
m'k'o', its lower semicircle being coincident with the upper base 
of the cylinder, and the plane of the picture so taken as to oon- 
tiun the elements mm' and oo' and the front circle m'k'o'. 

These elements and front circle being in the plaue of the pic- 
ture will be their own perspectives. 

An arc of an ellipse, mlfi, is the perspective of the lower base 
t\i the C3hndiical pait, and m'nfi' that of the upper base, these 
being constructed as m Art, (273), I, being the perspective of I 
and n, of the corresponding point of the upper base. These lines 
form the perspective of the niche. 

The lines which cast shadows on the interior of the niche are 
the element mm' and the arc m'k'e'. 

The shadow cast by mm' is determined by passing through it a 
vertical plane of rays ; mr' is the perspective of its trace, Art. 
(277). This plane cuts from the'cyliuder an element represented 
by/jMj, the intersection of which by m'r, in n*i is the perspective 
of the shadow cast by m' on the element ; and /,ra, is the 
perspective of the shadow cast by m'f, a part of mm', on the 
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inteiior of the cylinder ; m/j is the perspective of the shadow cast 
by wf on H. 

Points of the shadow cast by the front circumference, m'k'e', oti 
the cylindrical part of the ntcke may be determined by intersecting 
the cylinder by vertical planes of rays. Each plane intersects the 
cylinder in a rectilinear element and the arc in a point. A ray of 
light through this point intersects the element in a point of the 
curve of shadow, r'g is the perspective of the horizontal trace of 
such a plane. It intersects m'AV in ^', and the cylinder iu an 
element represented by i^g^ and gx is the perspective of the shadow 
cast by g' on the element. 

The shadow cast by a part of the front circumference on the 
spherical pari of Ike niche is an eq}iai arc of a great circle. For 
tbic shadow is determined by a cylinder of rays through the front 
circTimforence, and the part of each element of the cylinder be- 
tween the point casting the shadow and its shadow is a chord of 
the sphere, and all these chords will be bisected by a plane 
through c' perpendicular to them. These half chords may Be 
regarded, one set as the ordiuates of the arc castiug the shadow, 
and the other as the ordinates of the shadow, and since the cor- 
responding ordinates of the two arcs are equal, and in all respfccts 
like situated, the two area ivill be equal. Their planes evidently 
intersect in the radius c'e' perpendicular to the axis of the cylinder 
of rays, or to the ray of light, and also perpendicular to the pro- 
jection sV[ of the ray of light on the plane of the picture, Art, 
(2T6). 

Points of this shadow may be constructed by intersecting the 
quarter sphere by planes parallel to the plane of the picture. 
Each plane will cut from the quarter sphere a semi-circumferencu. 
The front somi-circumfcroince will cast upon this plane a shadow 
parallel and equal to itself, Art (246), and the intersection of this 
with the semi-circumference cut from the sphere will be a point of 
the required shadow, An. (244). 

Draw ^,S[ parallel to m'o', it may be taken as the perspective 
of the intersection of an aujciliary plane with the upper base of 
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tbe cylinder, and the sem c r umfe e e v tl e perspe t 

of the semi-circtimfereiice cut f om th ph re 

The centre of the front c le cists a &hi low upo tl pla 
whose perspective is c, ^rt (380) e be ng the [orspect e ot 
the projection of c' on th s fl e, and c c pi allel to the i.c 
spectlve of the project on of the ray th onir! on tl a pli e 
c,Wj parallel to c'm' is the \ rs] ect ve of the sbalow cast by tl e 
ra:{lius c V on this plane Art (267) ind x the pe pect ve o 
the arc of shadow int rsect g y^^ mix a point of the pe 
spective of the shadow. 

Otherwise thus ; Dra v kk parallel to s t may be taken as 
the vertical trace of a pli e of nys [ erp nd cular to "\ Th k 
piano cuts from the qua ter pi ore a sem c cumference \ a 
of light through k' will nte sect th s sen c re nfcro c n a 
point of the curve of si ido v Re olve ll e plane about k k n 
til it coincides with V. i j; A II be the re o! el pos t o 1 
the semi-circuroferonce 1 e ol e the riy of I ght throU(,h t! e 
point of sight about s'?-, until it coincides with V ; s'V, will be it^ 
revolved position, s's" being equal to s'd-^, Art. (266). Through k' 
draw k'x" parallel to s'V„ it will bo the revolved position, of the 
ray through k!, and x" will be the revolved position of a point of 
the shadow. Through x' draw a/s' ; it is the pei'spective of the 
perpendicular x'x" intersecting k'r, in x^, the perspective of the 
shadow cast by k'. 

The perspective of this curve of shadow evidently begins at e', 
the point of tangeney of a line parallel to s'r^. 

The point at which the curve of shadow passes from the sphericiil 
to the cylindrical part is evidently the point in which the intersec- 
tion of the plane of the curt'c of shadow with the plane of tlie 
upper base meets tlie circumference of the upper base. To de-, 
termine the perspective of this point, through x^ draw iTjW, paral- 
lel to c'e' ; it is the perspective of a line of the plane of the curve 
of shadow as also of the plane of the circle of which wija's is the 
perspective, a^ is the perspective of the point where this line 
pierces the plane of tlie upper base, and c'«i the perapective of 
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the intersection of the piano of the ch-cle of shadow with tiic 
plane of the upper base, and p, the perapectivo of the required 



288. Problem 76. To construct the perspective of a sphere with 
its s}uide, and shadow on the horizontal jilane. 

Let the plane of the picture be taken perpendicular to the right 
line, joining the point of sight with the centre of the sphere, 
and tangent to the sphere; then. Fig. 124, c will be tlie horizontal 
and s' the vertical projection- of the centre, ca being equal to tlie 
radius and b'c"c"' the vertical projection, of the sphere. 

The perspective of the sphere will be determined by a visual cone 
tangent to it, aad the circle ia which this cone is intersected by 
the plane of the picture will be the outer line of the povspective, 
Art. (274). 

To constrnct this, pass a plane throngh S and C perpendicular 
to AB. It intersects the sphere in a great circle, and the cone in 
rectilinear elemenls tangent to this circle and piercing V in points 
of the required circumference, am, is the Tertlcal trace of this 
auxiliary plane. Revolve the plane about am, as an axis until it 
coincides witli V ; S, in revolved position, will be at d, and C at 
c", and m's' described with the centre c" and radius c"s' will be 
the revolved position of an arc of the circle cut from the sphere, 
and m'd, that of one of the tangents. In true position this tan- 
gent pierces V at m,, and the circle m,u,v, described with s' as a 
centre and s'm, as a radius will be the perspective of the sphere. 

The curve of shade on the sphere, the line of contact of a tan- 
gent cylinder of rays, is the circumference of a great circle whose 
plane is perpendicular to the axis, Art. (121), or to the i-ay of 
light 

The plane of rays through the point of sight whose vertical 
trace is s'r,, is perpendicular to the plane of the circle of shade, 
and is evidently a principal plane. Art. (208), of the visual cone 
by which the perspective of this curve is determined, and since 

n 
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the plane of the picture is perpe(idn,uUr to this plane, its inter- 
section with the cone will bo in ellipse all the chords of which 
perpendicular to s j, lie bi&ectei bj it This line will then be an 
indefinite asis of the ellipse Ana Geo , Art. (85), This princi- 
pal plane intersects the circle of shade in a diameter whose per- 
spective will be this axis 

To determine it, reioUo the plane about ii'j\ until it coincides 
with V. S is found it s , i s ' being equal to s'di. The centre 
of the circle cut fiom the sphere viii bo at c"',n'l'p' will be the 
revolved position of the cuclc, anl »^/ perpendicular to s'V^ will 
be the revolved position of the dnipete: Two visual rays from 
its extremities pieice V it », and p , and n^p, is its perspective 
and the required axis 

<*!, the middle point of this ■i\i=, is the centre of the ellipse, 
and ^1^1 perpendicular to n^p,, the position of the other axis, and 
o' the revolved position of the point of which o, is the perspective. 
If through l,k, and S a plane be passed, it will intersect the circle 
of shade in a chord passing through the point of which o' is the 
revolved position, perpendicular to the plane of rays of which sV^ 
is the trace and equal to I'k'. The perspective of this chord will 
be the other axis, 

To detennine it, revolve this plane about li,l, until it coincides 
with V. S will be found at e'", o,&"' being equal to o/' ; o' will 
be at o", 0,0" being equal to 0,0', and i:"l" perpendicular to s'r^ 
will be the revolved position of the chord, the perspective of 
which is k,l„ the other axis. 

The ellipse described upon these two axes is the perspective of the 
curve of shade. It is tangent to m^UiV, at m, and v„ since these 
are the perspectives of two points which are determined by two 
visual planes of rays tangent to the sphere, whose traces are r,it, 
and r,v,. These are the perspectives of the points in which the 
curve of shade crosses the apparent contour of the sphere. Aft. 
(275). 

The curve i^ shadow on the honzontal plane is cast by the curve 
of shade. Cj is the perapective of the shadow cast by the centre, 
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f being tho peiapectne ot its foi^ont'il pioject on ai 1 <■ J tht, 
peispectne cf the horizontal piojection of i raj throuj,!i the 
centre Art { 80) 

Tho peisjective of the shado v of eai,li diamtter ot tlie curve 
ot shade mu t pats through c, It then we hnd the perspective 
ot the JO nt m which i dnmcter pi icls tho hoi zintal piimo iiil 
]o n it w th c ive shall hve thi, inlefinite persptctivo ot the 
si idiw of this diameter -ml the pers[.eLtivesof tivoiiys, thniigh 
Its extreuiitiLS will mtcTBCCt the peispective of thii sh iJow in points 
of the pei-apective of the curve of shadow. 

All diameters of the circle of shade pierce the horizontal plane 
in the horizontal trace of the plane of this circle. This trace 
being a horizontal line must vanish in tho horizon of the picture 
s'rfi, Art. (267), and being in the plane of the circle of shade must 
also vanish in the vanishing line of this plane ; and hence tho in- 
t t f th t 1 11 V point of the perspective of 

tl h tit 

T t t th b g 1 f the plane of shade, through 

(1 p p d 1 t t the revolved position of a 

I P tl gl b tl pi f rays whose vertical trace is 

d p II I t tl pi 1 h de. It pierces V at x', one 

p t f th lit f [1 through S parallel to the 

1 i h J Tl Id q perpendicular to x'r„ Art. 

(43) , it IS the vertical trace, or requiied vanishing line. This in- 
tersects s'j, at 5|. 

To determing another point of the perspective of the hoiizontal 
trace, find the perspective of the point in which that diameler of 
the circle of shade, which is parallel to the plane of the picture, 
pierces H. The horizontal projection of this diameter is parallel 
to AB ; hence, c,i, is its perspective, s's'' perpendicular to i;s' is 
the perspective of the diameter itself, for these two linos are the 
orthographic projections of the diameter and ray of light through 
the centre, since the visual plane thiongh each oi them contains 
the projecting perpendicular So', Ait. (30). i, is then the pei-puc 
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tive of the point in which thia diameter piei'ces H, and jji, thy 
perspective of the horizontal trace. 

Join i, with c,; i,cj is the perspective of the shadow cast by the 
diameter represented by ff.f,. Join ffi and/] with r, by riglit lines. 
These are the perspectives of rays through the extremities of 
the diameter, and ffi and /- are the perspectives of points of 
the curve of shadow. 

Prodnce u,e, to yi, y, is the perspective of the point in which 
the coiTcsponding diameter pierces H, and yiCj the perspective of 
its shadow, and e^ and Wj the perspectives of t!ie shadows cast by 
its extremities. In the same way other points of the curve are 
constructed. 

The curve must be dmwn tangent to )■,«, and r^v, at «j and u„ 
since these are t!ie perspectives of the points in whicli the curve 
of shadow crosses the elements of apparent contour of the cylin- 
der of rays, by whicIi the curve of shadow is determined. 



289. Problem 77, To construct the iKrqiective of a i/roined 
arch witlt its s/tadoias. 

To form the groined arch here considered, two equal right seini- 
cylinders, with semi-circular bases, are so placed that their axes 
shall be at right angles and bisect each other and the diameters 
of the semi-circular bases in the same horizontal plane. Thus, 
Fig. 125, let mlu be tlie horizontal, and ok'l tlie vertical projec- 
tion of one semi- cylinder, and fffhi the horizontal, and pp'q'g tiie 
leitical projection of the second ojlmder, pp nnd jq bung tlie 
vertical piojections ol the two ^emi ciicular bases 

These two cylinders intersect in two oijuil ellipses hoiizontally 
projected in the diagonals ah and ce These ellipses aie the 
ffiotns The arch is now formed by taking out fiom each cyl- 
mder that pait of the ofhci whith lies witliin it Thus, all that 
part of the cybnJer whose elements are parallel to V, hoiizontally 
piojeeted in ale and It&e, is removed, as also that part ot the othei 
cylinder projected in ake and bl;e. 
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The arch thus formed is placed upo f p 11 tanding in 
t!io four corners of a sijuare, and whose h t 1 P J tions are 

the four squares mnai, uchv, etc. The In ts / a il ^ being 
coincident with the inner upper edges f th p II rs Iiich are 
liorizontally projected in ia-ck and fe-hff a d th 1 m nts no and 
til coincident with the inner upper ed'^ea which are projected in 

-fad bl 

I th p t f th h th f t mf ft 

baa f th jl d wl I m t p p 1 1 t 'V 

p f m th I p t m t t th t 1 f th f t 

p 11 IS 1 h 1 iz t lly p J t d at d d 

desbd adinte ql dpallltm Tl bk 

mf th h f th m yl I 1 J, f 

th pp t in t f th d h iz t lly p J t I at 

Th 1 mf es has t th th y] d p g 

th f m th pp d f th tw 1 1 t lly p 

jtd d/ dth thfBth pjtl Ad/ 

adth dmte p 111 dqlty Ikj 

Th g p g f m th pp d f th f d^ 

of th p I! s, th f those projected in a and 6, and the 

othe f th p J t 1 1 c and e, and ab and ce are respect- 
ively q 1 dp 11 1 1 the transverso axes of the groins, the 
coram J t XI b g equal and parallel to the radius 

k'k' 

The planes of the outer faces of the pilkre are produced up- 
wards, inclosing the mass of masonry supported by the arch. 

7& construct the perspective of the arch thus placed let us take, 
Fig. 126, the plane of the picture coincident with the plane of the 
front faces of the front pillars, min'n'n and uit'v'v being these 
front faces and their own perspectives, and let the principal point 
be at s' in a plane perpendicular to V and midway between the 
pillars. 

The perspectives of the front pillars are constructed precisely as 
in Art. (282) ; a, and ii being the perspectives of the upper ends 
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of the two back edges of the first, and Ci and k^ those of the 
second pillar ; md„ the perspective of the diagonal corresponding 
to mq in Fig. 125, intersects us', the perspective of the perpendic- 
ular corresponding to ul, in ij, which is the perspective of the 
lower end of the edge of the back pillar corresponding to 6 ; bs{/.!, 
parallel to AB, is the perspective of the edge corresponding to b^, 
and (tJi that coriTesponding to bl. Through b^, g„ and l^ draw 
^a'li ys^ii SI'S l^l, until they meet «'«' and v'i' in 5,, g„ and l„ and 
draw 6|.9i and i^i^i, thus completing the perspectives of the two 
faces of the back pillars which can be seen. 

In the same way the perspective of the other back pillar niay 
he constructed, e^ being the perspective of the point corresponding 
to e. 

On n'u' as a diameter describe the semicircle n'&'u'; it is the 
front semicircle of the arch in the plane of the picture and its own 
perspective. The other base of the same cylinder being parallel 
to the plane of the picture will be in perspective a semicircle, and 
since it springs from the points of wtich Oi and l^ are the per- 
spectives, Oji, will be the diameter and the seiaicirele on this its 
perspective. 

To obtain points of the perspectives of the groins and side circles, 
intersect the arch by horizontal planes. Each plane will cut fi-oin 
the cylinders rectilinear elements, the intersection of which will 
be points of the groins ; and from the side faces of the arch, right 
lines which will intersect the elements parallel to the plane of the 
picture in points of tie side circles. 

Let m."i\" be the trace of such a plane. It intersects the cylin- 
der whose axis is perpendicular to V in two elements which pierce 
V at w' and ■/, vanish at s', and are represented by w's' and s's'. 
The same plane intersecte the aide faces of the arch in lines repre- 
sented by ni s and i) a'. The two diagonals through m," and w", 
intersect the elements in points of the groins, see Fig. 125. m,"d, 
and V d, ire the perspectives of these diagonals intersecting ?«'.'' 
in hi" and to and a s in z" and a'", points of the perspectives of 
the gioms w z and w"'z"' are the perspectives of the elements 
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cut from the cylinder whose axis is parallel to V. These are in- 
tersected by m"s' and v"s' in points p, and j, of the perspectives 
of the side circles. 

The perspectives of the groins thus determined are drawn, one 
from a, to 6|, the Other from c, to e,, and the perspectives of the 
side circles, one from i, to/,, and the other from A, to ff,. 

Since all four of these curves cross the element of contour of 
the cylinder whose axis is parallel to the plane of tlie picture, their 
perspectives will he tangent to the perspective of this element. 
To determine it, through 8 pass a plane perpendicular to the axis 
of the cylinder, Tj.?' is its trace. It cuts from the cylinder a circle 
and from the visual plane tangent to the cylinder a right line tan- 
gent to the c'rcle Kcvolve th's I k e about ■^' until it. coincides 
with V. The centre of the c rcle v 1! be at n and S at d,. The 
semicircle desenbed w th m aa i centre and k"n' as a radins is 
the 1 d p t ot tl e c r le cut fron tl e cylinder, and the 
tang t t t f rf the e o! ed j OS t on of the line cut from 
the t t il Th s [ er s V it a:" a point of the perspec- 

tive f th 1 m t of contour. The line through a' parallel to 
AB h t g t to all the curves. 

/ad the perspectives of the indefinite shadows cast 

on H by the vertical edges of the left hand pillar, Art. (282). The 
point in which nr' intersects 6,(7i is the perspective of a point of 
the shadow of mw' on the front face of the back pillar. This line 
being parallel f* this face, its shadow will bo parallel to itself as 
also the perspective of the shadow, which is terminated at n,, the 
perspective of the shadow cast by n', Art. (280). 

From this point the shadow is cast on this face by the front 
circle, and is the arc of a circle as is its perspective. Art. 
(272). The shadow of the radius n'k" is parallel to itself, as also 
the perspective of this shadow passing through ti, and termi- 
nated at Aj. The are described with ij as a centre and Ajiij as a 
radius is then the perspective of the shadow of the front circle on 
ike face. 

ey is the perspective of the shadow cast on H by the edge rep 
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i by e.fii, a sraall part of wliii;!i only lies Ju the limits of 
tlie drawing. 

Points of the ihaduv) cast hy the front circle on the cyl'mdm-, of 
which it is tlie base, are determined by intersecting the cylinder 
by planes of rays perpendicular to the plane of the picture, Tlic 
traces of these planes are parallel to s'ry, Art. (279), and each 
plane cuts the front circumference in a point casting the shadow 
and the cylinder in a rectilinear element, which is intersected by 
the ray through, the point in its shadow. 

Let y'y" be the trace of such a place. It intersects the cylin- 
der in an element represented by j/"a', and the circumference in 
the point .'/', and y^ is the perspective of the shadow. The per- 
spective of the shadow begins at the point in which a trace par- 
;illcl to y"y' is tangent to the circle. 

Points of the shadow coit by the side circle on the left, on the 
cylinder of ivhioh it is a base, may be found by intersecting the 
cylmder by planes of rays perpendicular to the side faces of the 
arch. Each plane intersects the circumference in a point easting 
the shadow and the cylinder in a rectilinear element which is in- 
tersected by the ray through the point in a point of the shadow. 

The intersections of these planes with the outer side face of the 
arch vanish at r^, Art. (2'?8). Let r^t^, be the perspective of one 
of these intersections. The plane intersects the side circumference 
in a point of which (i is the perspective and the cylinder in an 
element represented by ^,5,, and (, is the perspective of the point 
of shadow. The perspective of the carve evidently begins at the 
point of tangenoy of a line through r^ tangent to i^p,/,. 



290. Although in general the perspectives of oigects are made 
as in the preceding aiticles on a plane, it is not unusual to make 
them upon curved surfaces. 

Extended panommic views are thus made upon a right cylinder 
with a circular base, the point of sight being in the axis, and the 
obsepvor thus entirely surrounded by pictures of objects. 
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Objects are also sometimes represented on the interior of a 
spherical dome. 

In ail cases tLc perspectives of points are constructed by draw- 
ing througli tlie points visual rays, and finding the points in which 
these pierce the surface on which the representation is made. 

Ttie constructions involve only the principles contained in Arta. 
(263), (264), and (268). 
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PART V. 

ISOMETRIC PROJECTIONS. 



PRELiMINAIlY DBFINITIOSS ANO PMNCIPLBS. 

291. Let three right lines be drawn intersecting in a common 
point and perpendicular to each other, two of them being hori- 
Kontal and the third vertical ; as the three rectangular co-ordinate 
axes in spacOj Atia. Geo., Art. (42), or the three adjacent edges of 
a cube ; then let a fourth right line be drawn through the same 
point, making equal angles with the first three, as tbe diagonal of 
a cube. If a plane be now passed perpendicular to this fourth 
line, and the right lines and other objects be orthographically pro- 
jected upon it, the projections are called Isometric. 

The three right lines first drawn are Ihe co-ordinate axes ; and 
the planes of these axes, taken two and two, are the co-ordinate 
planes. The common point is the origin. 
The fourth right line is the Isometric axis. 
If A designate the origin, the co-ordinate axes are designated, 
as in Ana. Geo., as the axes AX, AY, and AZ, the latter being 
vertical ; and the co-ordinates planes as the plane XY, XZ and 
TZ, the first being horizontal, and the other two vertical. 



292. Since the co-ordinate axes make equal angles with each 
other and with the plane of projection, it is evident that their pro- 
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jections will mate equal angles with each other, two and two, that 
is, angles of 320°. Hence, Fig. 128, if any three right lines, as 
Ax, Ay, and As, he drawn through a point as A, making witJi 
each other angles of 120°, these may be taten as the projeetions 
of the co-ordinate axes, and are ike directrices of the drawing. 

It is further evident, that if any cqnal diataneea be taken on 
the co-ordinate axes, or on lines parallel to cither of them, their 
projections will be equal to each other, since each projection will 
he equal to the distance itself into the cosine of the angle of in- 
clination of the axes with tho plane of projection. Art. (1 97). 

The angle which the diagonal of a cube makes with cither ad- 
jacent edge is known to be 54° ii' ; therefore the angle which 
either edge, or either of the co-ordinate axes, makes with the 
plane of projection will be the complement of this angle, viz.. 



293. If a scale of equal parts, Fig, 127, be oonstrncted, the unit 
of the scale being the projection of any definite part of either co- 
ordinate axis, as one inch, orte'foot, etc., that is, one inch multiplied 
by the natural cosine of 35° 16'=.8I647 of an inch; we may, 
from this scale, determine the true lengih of tho isometric projec- 
tion of any given portion of cither of the co-ordinate axes, or of 
lines parallel to them, by taking from the scale the same number 
of units as the number of inches, or feet, et«., in the given distance. 
Gonveriel^, the true length of any corresponding line in space may 
be found by applying its projection to , the isometric scale, and 
taking the same number of inches, or feet, etc., aa the number of 
parts- covered on the scale. 



294. Since in most of the frame work connected with ma- 
chinery, and in the various kinds of buildings, the principal Hnes 
Jo bcrepi'eSeBted occupy a position similar to that of the co-ordi- 
nate axes, via., perpendicular to each other, one system being ver- 
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tica!, and two olliefs hoi'izoiital, tbe isometrli; projeGtioii is used to 
gieat advantage in their re[iresontatioii. 

A still greater Eulrantsge arises fi'Otn the fact that in a drawing 
thus made, all lines parallel to the directrices are constructed on 
the s^iiiie scale, Ait. (292). 



20o. It a point be giicn as in \n'ilvtical Gooinefry, by its 
c 0-0 I'd i nates or its three distances Irom the co-ordinate planes. 
Art. (40) its isometiic projection n]a\ be easily construcfeil. 
Thus, tig 128 let Aa;, Ky ind A- be tbe directrices, A being the 
projection of the origin. On A,e lay otF Ap, eqnal to the samf 
miinber of units, iakeit from the isometric scale, as there are units 
izi the distance of the poiill; from the co-ordinate plane YZ. 
'riirough p draw jtm' parallel to Ay, and make it equal to the 
nmiiher of units in the distance of the point from the plane XZ. 
Through m' draw m'm parallel to Az, and make it equal to the 
tliir.l given distance, an'l tu will be the required projc-tioii. 



290 The projection of any right line parallel to either of the 
co-ordinate axes may be eonstnicted by finding, as above, the pro- 
jLLtion of one of its points, and drawing through this a line 
paiallel to the proper directrix. 

It the line is parallel to neither of the ax^ the projections of 
two of its points ma\ be found as above and joined by a right 
line 

The projections ot curves may be constructed by finding a 
sufticient number of the projections of their points. 



297. If the circumference of a circle be in, or parallel to, either 
co-ordinate plane, its projection may be constructed thua : At tiio 
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extremities ot the two dia]iieti.r< nhich are puiallel to the co oi 
dmate axe. dnv ta,Dgent&, thus. Lireumscnbing the cirUe by a 
Bquare The project ons of each set of tangents will ho parallel to 
the projection of the ptiallel tliimeler and taii^nt to the projec 
tion of the circle \it (05) hence thL projCLtions of these two 
equal diimeteis will be equal cotj igite diameter-, ot the ellipse 
which IS the proiection of tlie circle and since theao project ons 
aie parallel to the d lectnces thej will make with e-u.h other an 
angle f l^O" Upon these the ellipse mav be described takin^ 
care to make it tangent to the projections of the tour tangents. 



'J08. Problem 78. 2'o constnict llie isometric j>rojedmn of a 
cube. 

Let the origin be taken at one of the tippei corners of the cube, 
the base being horizontal, and let At, Ay, and As, Fig. 129, be 
the directrices. 

From A, on the direotrii'es, lay off the distances Xr, Ay, and 
A2, each equal to the same number of units, taken fiom the 
isometric scale, as there are units of length in the edge of the 
cube. These ■will be the projections of the thiee edges of the 
cube which intersect at A. Through t, y, and z diaw xe, xg, ye, 
yc, ze, and zg parallel to the directrices, completing the three 
equal rhombuses, Axey, etc. These will be the projections of the 
three faces of the cube which are seen, and the representation will 
be complete. 



299. The ellipses constructed upon the equal lines kl, qs ; si 
Hv, Ac, Fig, 129, are evidently the projections of three circles in- 
scribed in the squares which form the faces of the cube, and these 
lines are tiie equal conjugate diameters of the ellipses. Art. (207) 
Ik being drawn through the. middle point of kx, and sq thiougl 
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